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Here are the questions from the MAT187H1F Final Exam of June 2006, with answers. 
The first six quesitons are Multiple Choice; each correct choice is worth 4 marks. The 


marks for all other questions are indicated in brackets, beside the question number. 
TOTAL MARKS: 100. 


1. What is the fourth degree Taylor polynomial of the function f(x) = cos(—x) at a = 0? 


(a) 1— 2 + : 
E 
(ce) 1— at 2 
wee 
2. What is the interval of convergence of the power series > ee x”? 
n=1 


(a) -l<a<l 
(b) -l<a2<1 
(c) -l<a<l 
(d) -l<az<1l 
3. Suppose a bacterial colony is growing exponentially so that its population doubles 


every 25 minutes. How long will it take for the population of the colony to triple in 
size? 


1 
4. A mass with m = 5 is attached to both a spring with Hooke’s constant k = 4 anda 


dashpot with damping constant c = 3, in appropriate units. Suppose that the mass 
is set in motion with initial position x(0) = xo and initial velocity x'(0) = vp. Then 
the resulting free damped motion is: 


(a) overdamped. 

(b) critically damped. 

(c) underdamped. 

(d) simple harmonic motion. 


5. The area of the region inside the cardioid with equation r = 1 + sin 0 but outside the 
cardioid with equation r = 1 — sin @ is equal to 


6. The area of the region that lies between the z-axis and the parametric curve with 
parametric equations x = e~* and y = sin(3t), for 0 < t < 7/3 is given by 


(a) i t cos(3t) dt 


-3 fe t cos(3t) dt 


i t sin( (3t) dt 


a2 f e * sin( (3t) dt 


2 


1/2 £ 
7. [6 marks] Approximate | +253? 


your approximation is correct to within 1074. 


dx correctly to within 1074 and explain why 


t£ 
8. [6 marks] The position of a particle at time t is given by r = a i+lntj+ V2tk. 


Find the total distance travelled by the particle for 1 < t < 2. 


9. [4 marks for each part] Decide if the following infinite series converge or diverge. 
Summarize your work at the right by marking your choice, and by indicating which 
convergence/divergence test you are using. 


oo 3 
(a) 2 — [w i O Converges © Diverges 
by 
X n! 
(b) = O Converges © Diverges 
n=l? 
by 
ee) ni/n 
Cae O Converges © Diverges 
n=1 n 
by 


10. [13 marks] Find and classify all the critical points of f(x,y) = 6ry? — 2x? + 3y". 


11. [13 marks] If x is the amount of salt disolved in a saline solution of volume V, at 
time t, in a large mixing tank, then 
dx To 
a T yoo 
where c; is the concentration of salt in a solution entering the mixing tank at rate 
ri, and ro is the rate at which the well-mixed solution is leavingthe tank. 


A 200-liter tank initially contains 100 liters of brine (i.e. saline solution) containing 
20 kg of salt. Brine containing 1 kg of salt per liter enters the tank at the rate of 
5 liters per sec, and the well-mixed brine in the tank flows out at the rate of 3 liters 
per sec. How much salt will the tank contain when it is full of brine? 


12. [13 marks] Torricelli’s Law states that 


d 
AU = —ay/ 29y, 


where y is the depth of a fluid in a tank at timet, A(y) is the cross-sectional area 
of the tank at height y above the exit hole, a is the cross-sectional area of the exit 
hole, and g = 32 ft/sec? is the acceleration due to gravity. 


A water tank is in the shape of a right circular cone with its axis vertical and its 
vertex at the bottom. The tank is 16 ft high and the radius of its top is 5 ft. At time 
t = 0, a plug at its vertex is removed and the tank, initially full of water, begins 
to drain. After 1 hour the water in the tank is 9 ft deep. When will the tank be 
empty? 


13. [13 marks] A projectile is to be fired from the top of a 100-m cliff at a target 1 km 
from the base of the cliff. The projectile is fired with initial speed vo = 200 m/sec, 
at an angle a to the horizontal. Find a. (Use g = 9.8 m/sec”.) 


ANSWERS: l(c) 2(b) 3(a) 4(a) 5(c) 6(d) 
7. 0399925 8. m2+5 


9(a) Diverges by Limit Comparison Test 9(b) Converges by Ratio Test 
9(c) Converges by Comparison Test or by Limit Comparison Test 

10. (—1, +1) are both minimum points; (0,0) is a saddle point 

11. 200 = 2046/2 = 171.716... kg. 


1024 
R2 t= 731 = 1.31114... hr, or approximately 1 hr and 19 min after t = 0. 


13. a = 1.3 or 83 degrees, approximately. 


Here are the questions from the MAT187H1S Final Exam of April 2006, with answers. 


1. What is the fourth degree Taylor polynomial of the function f(x) = sin(x) at a = 0? 


3 


x 
(a) s+ 

3 

x 
(b) z- -5 

2 4 
01-542 

r? at 
(d) 1+5 Ji 


2. Suppose the half-life of a certain radioactive substance is 32 minutes. How long will 
it take for 75% of an initial amount of this substance to decay? 


oo —9)n 
3. What is the radius of convergence of the power series 5 ar 


n=1 


(c—1)"? 


wir NIY orm N| 


4. What is the slope of the tangent line to the polar graph of the polar equation r = e? 


at the point (x,y) = (0, e'*/?))? 


5. The area of the region inside the cardioid with equation r = 2 — 2cos@ but outside 
the circle with equation r = 1 is given by 


(a) i — 2 cos 0] dé 
(b) fre ~ 2cos6)? — 1} d8 


(c) fe — 2 cos 6] dé 


(d) [le — 2cos6)? — 1] dð 


6. What is the area of the region bounded by the curve with parametric equations z = t? 
and y = t — t, for —1 < t < 1? 


2 

(a) 15 
4 
15 
8 

15 
11 
15 

1/2 


7. [6 marks] Approximate dx correctly to within 1074, and explain why 


1 
vise 
your approximation is correct to within 1074. 
8. [6 marks] Find all positive values of a for which the initial value problem 


y” + ay = 0,y(0) = 0, y(1) =0 


has non-trivial (that is, not identically zero) solutions. 


9. [4 marks each] Decide if the following infinite series converge or diverge. Summarize 


your work at the right by marking your choice, and by indicating which conver- 
gence/divergence test you are using. 


© sin? n : 
(a) SoS © Converges © Diverges 
n=o!? +1 
by 
xX Inn : 
b) X — O Converges © Diverges 
n=1 n 
by 
OO 1 n 
(c) D O Converges © Diverges 
by 


10. [13 marks] Find and classify all the critical points of f(x,y) = z? — 2y? — 2y* + 3x?y. 


11. If x is the amount of salt disolved in a saline solution of volume V, at time t, in a 


12. 


large mixing tank, then 


where c; is the concentration of salt in a solution entering the mixing tank at rate 
ri, and rg is the rate at which the well-mixed solution is leaving the tank. 


A tank initially contains 10 liters of pure water. Saltwater containing 10 grams of 
salt per liter enters the tank at 1 liter per min and the (perfectly mixed) solution 
leaves the tank at 2 liters per min. 


(a) [2 marks] How many minutes will it take until the tank is empty? 
(b) [8 marks] Find the amount of salt (in grams) in the tank after t min. 


(c) [3 marks] What is the maximum amount of salt in the tank, at any one time? 


[13 marks] Torricelli’s Law states that 


d 
Aly) = = —ay/ 29y, 


where y is the depth of a fluid in a tank at time t, A(y) is the cross-sectional area 
of the tank at height y above the exit hole, a is the cross-sectional area of the exit 
hole, and g = 32 ft/sec? is the acceleration due to gravity. 


The shape of a water tank is obtained by revolving the curve y = x*/° around the 
y-axis (units on the coordinate axes are in feet). A plug at the bottom is removed 
at 12 noon, when the water depth in the tank is 12 ft. At 1 PM the water depth is 
6 ft. When will the tank be empty? 


13. Water issues from the nozzle of a fire hose with speed S meters per sec. 


(a) [6 marks] Suppose the hose is held at ground level, D meters from a wall, and 
aimed at angle a to the horizontal. Write down parametric equations for the 
trajectory of the water, with x and y in terms of time t. Assume the origin 
(x,y) = (0,0) is chosen to be the base of the wall. 


(b) [7 marks] Show that the maximum height attainable by the water on the wall 
is given by 
S4 — 92D? 
29S? * 


where g is the acceleration due to gravity. 


ANSWERS: l(b) 2(d) 3(a) 4(b) 5(d) 6(c) 
7. 0.499442 8. a = ae Ar, Or I Ee 2k 
9.(a 
9.(b 
- 


) Converges by comparison test. 
) Converges by comparison test, or by integral test. 


) Diverges by limit comparison test. 
0. (0,0) and (—1,1/2) are saddle points; (—2, 1) is a maximum point. 
11.(a) 10 min. 11.(b) z = 10t— t? 11.(c) 25 grams 


1 
12. 1:20PM 13.(a) x = -D + Stcosa;y = Stsina — aot 
2 


13.(b) z = 0 > y = D tana — 3I 


sec” a; now maximize y with respect to a. 


Here are the questions from the MAT187H1F Final Exam of June 2005. 106 students 
wrote this exam. Marks ranged from 31% to 85%; the average was 56.5% 
INSTRUCTIONS: Present your solutions to all of the following questions in the exam 
booklets supplied. Each question is worth 10 marks. 


TOTAL MARKS: 100. 


1. (5 marks for each part) Find the following: 
(a) the length of the curve with parametric equations 
r= é; y= vV2t;z =e™%, for0<t<1. 
(b) the first three non-zero terms in the Maclaurin series of f(x) = x? v9 + 2?. 


2. Find the area of the region inside the polar curve with polar equation r = 2 sin(20) 
and outside the circle with polar equation r = 1. (It may be helpful to plot the 
curves first.) 


3. Newton’s Law of Cooling states that 


dT 
— = k(T — A), 

prema ) 

where T is the temperature of a body placed in a surrounding medium of constant 
temperture A, t is time, and k is a constant. 


A freshly brewed cup of tea at temperature 100 C is placed on a table in a kitchen 
with constant room temperature 20 C. After 3 min, the temperature of the tea is 
60 C. When will the temperature of the tea be 25 C? 


4. Find the critical points of f(x,y) = x°y—3xry+y? and at each critical point determine 
whether f has a relative maximum point, a relative minimum point, or a saddle 
point. 


5. (5 marks for each part) Find the following: 


(a) the interval of convergence of the power series X` x 


n=1 yn 


1/3 
(b) the approximate value of ih x‘ tan !a dx correct to within 0.0001; and ex- 
0 


plain why your approximation is correct to within 0.0001 
6. Consider the curve with parametric equations 
x = 2? + 8t; y = 3t — 9t. 


Find the coordinates of all critical points on this curve, and determine if each critical 
point is a relative maximum point, a relative minimum point, or neither. 


7. Do the following infinite series converge or diverge? Justify your answer. 


(a) (3 marks) 2 = i 
(b) (3 marks) > sin =) 


z tan™tn\” 
(c) (4 marks) X` (- 5 
n=1 
8. A 200-litre tank initially contains 100 litres of brine containing 5 kg of salt. (NB: 
Brine is a mixture of salt and water.) Brine containing 0.1 kg of salt per litre enters 
the tank at the rate of 4 litres/sec, and the well-mixed brine in the tank flows out 
at the rate of 3 litres/sec. How much salt will the tank contain when it is full of 
brine? 
Recall: if x is the amount of salt in the solution at time t, then 
dx 4 To 
a t= TiC, 
ai VW 
where V is the volume of the solution in the tank at time t, c; is the concentration 
of the incoming solution, r; is the rate of flow of the incoming solution, and rọ is 
the rate of outflow of the well-mixed solution. 


9. A projectile is to be fired from the top of a 20-m wall at a target 800 m from the 
base of the wall. With what velocity! should the projectile be fired, if it is to hit 
the target in exactly 6 seconds? (The acceleration due to gravity is 9.8 m/sec’.) 


10. Establish the formula 
1 1 1 1 1 


Tere ae oe E 
ae N Ie, DL 


by integrating le x In(1+<?) dz in two different ways: with series and without series. 


1 1 1 2 
ANSWERS: I(a) e — — I(b) 32° + T + 2. +v3 
e 
3. 12 min (from 100 C) 4. (0,0) and (+v3,0) are saddle points; (—1, —1) and (1,1) are 


minimum points. 
1 1 
5(a) Ean < 5 5(b) 0.000228624 6. min: (10,—6); max: (—6,6); neither: (—8, —6) 


15 
7.(a) divergers 7.(b) converges 7.(c) converges 8. E kg. 


9. speed: approx 136 m/sec; angle: approx 11 deg from the horizontal; 


400 391 1 1 
or (simply) vo = (= —) 10. Without series, i, xrln(1 +2") dz =In2 — =; 
0 


3° 15 2 
1 1 1 1 1 


1 1 
ith seri i In(l+2*)de=--—+—-—+—-—}4... 
with series, | = aeg das aa tog 40 60 84 


Recall that properly speaking, velocity is a vector. 


Here are the questions from the MAT187H1F Final Exam of June 2004; 78 students wrote 
this exam; the marks ranged from 29% to 79%. The average mark was 51.4% 


1. (10 marks; 5 marks for each part. Avg: 7.6/10) Find the general solution, y as a 
function of x, for each of the following differential equations: 


d 
(a) 95 + 6 + 325y = 0. 


(b) PE 3(y — 10) tan z. 
2. (20 marks: 5 marks for each part. Avg: 13.3/20) Find the following: 
(a) the arc length of the curve with parametric equations 
x = 3 cost, y = 3sint, z = 4t 


fr 0< t< 2r. 
1/2 1 — ere 


x 


dx correct to within 1074. 


(b) the approximate value of | 
0 


(c) the interval of convergence, including endpoints (if any), of the power series 
— (z+ 1)” 
Sfer 


(d) the position r at time t if the acceleration at time t is a = 2i + e'k and the 
initial conditions are: vp = j and rọ = 0. 


3. (10 marks. Avg: 8.7/10) Find the critical points of f(x,y) = xt + y* — 16xy and at 
each critical point determine whether f has a relative maximum point, a relative 
minimum point, or a saddle point. 


4. (12 marks. Avg: 4.7/12) Consider the curve with parametric equations 
r =t + 4t; y = Ë- 3t. 


Plot this curve, labelling maximum points, minimum points and inflection points, 
if any. 


5. (12 marks; 6 marks for each part. Avg: 2.1/12) Find the exact value of each of the 
following: 


X n? 


aa 
n=0 3 


(a) 


(b) I ape 


6. (16 marks. Avg: 7.5/16) 


(a) (6 marks) Find the area of the region inside r? = 2 cos 26 and outside r = 1. 
(b) (10 marks) Find the area of the region inside r? = sin 20 and r? = v3 cos 20 


7. (10 marks. Avg: 3.2/10) Do the following infinite series converge or diverge? Justify 
your answer. 


eS rel 
(a) (3 marks) 5 n2 n4? 


n=0 


(b) (4 marks) y ( " J . 


n=1 


8. (10 marks. Avg: 4.2/10) A 300-litre tank initially contains 100 litres of brine con- 
taining 5 kg of salt. (NB: Brine is a mixture of salt and water.) Brine containing 
0.1 kg of salt per litre enters the tank at the rate of 5 litres/sec, and the well-mixed 
brine in the tank flows out at the rate of 3 litres/sec. How much salt will the tank 
contain when it is full of brine? 


ANSWERS: 1(a) y = e~*/3(c; cos(6x) + c2sin(6x)) 1(b) y = csec? x + 10 
2(a) 107 2(b) 0.4437934 2(c) [-3/2,-1/2] 2(d)r=?t?i+tj+(e'-t—1)k 
3. (0,0) is a saddle point; both (2,2) and (—2, —2) are minimum points. 

4. min at t = 1; max at t = —1; inflection points at t = —2, t = —2 + V3 

5(a) 3/2 5(b) 7/12— V3/8 6(a) V3—7/3 6(b) 3/2 —1/2 

7(a) diverges 7(b) converges 7(c) converges 8. approx 29.04 kg 


Here are the questions from the MAT187H1F June 2003 Final Exam, with answers. 45 
students wrote this exam. The marks ranged from 27% to 91% with an average of 58.5%. 


1. (20 marks: each part is worth 5 marks) Find the following: 


(a) the unit tangent vector to the curve with parametric equations 
r=6,y=vi,z=It 


abt = 1: 


w -j 
b) f t. 


(c) the interval of convergence, including endpoints (if any), of the power series 


3 Fale — 2)". 


n=l 


(d) the fifth degree Taylor polynomial of f(x) = (1 — 2?)~*/? about z = 0. 


2. (10 marks; 5 marks for each part.) Find the general solution, y as a function of x, for 
each of the following differential equations: 


dy 


(a) 7 2r y=0. 
dy dy 
(b) dx? ue =" 


3. (10 marks) Find the critical points of f(x,y) = 3x — x? — 3xy? and at each critical 
point determine whether f has a relative maximum point, a relative minimum point, 
or a saddle point. 


4. (10 marks) Find the general solution, y as a function of x, if 


5. (10 marks; each part is worth 5 marks) Find the following: 


xX n++2 
(a) the exact sum (not a decimal approximation) of X` = À 
n=0 


1 
(b) the value of f x cos (a?) dx correct to within 1074. 
0 


6. (20 marks) For this question, consider the limaçon with polar equation r = /3+sin 0. 


(a) (4 marks) Plot the graph of the limaçon. 


(b) (6 marks) Find the Cartesian or polar coordinates of all the critical points on 
your graph. (If necessary, use your calculator to approximate the coordinates. ) 


(c) (5 marks) What is the area of the region enclosed by the limaçon? 
(d) (5 marks) Show that the length of the limaçon for 0 < 6 < 2r is given by the 


integral 
a /2 
2 4+ 2v3sin0 dð 
—m/2 


but do not try to evaluate it! Instead, describe briefly how you could use series 
to approximate it. 


7. (10 marks) Do the following infinite series converge or diverge? Justify your answer. 


on +1 
(a) (3 marks) ) 2 m45 ons 
n2 
(b) (4 marks) ar 
2n)! 


ie ite i 


(c) (3 marks) 


8. (10 marks) A cannon on level ground is 400 m from the base of a cliff, which is 100 m 
high. At what angle to the horizontal should the cannon be aimed so that a cannon 
ball leaving the cannon at a speed of 80 m/sec will hit a target right on the edge 
(at the top) of the cliff? (Assume the acceleration due to gravity is 9.8m/sec?.) 


ANSWERS: 


l(a) (6/V41,1/V41,2//41) (b) nv3 (c) 1<2<3 (d) 1+ 50? + Pat 


2.(a) y = ae” + cre” (b) y=cye *cosx+ ce “sine 
3. (0,1) are saddle points; (1,0) is a rel max point; (—1,0) is a rel min point. 


x? 2 28 
4. y= Eae” 5.(a) = (b) 0.2656926... 


6(b) Polar coordinates of the six critical points are: 
(r,0) = (V3 + 1, 7/2), (V3 — 1, =7/2), (3/2, =T /3), (W3/2, 47/3), 


Geta ee a) (Reeve i (=) 
I 3 4 40 4 


t 3 
6(c) 37 (d) Use binomial series on 4/1 + 2 sin @ and integrate term-by-term. 


7.(a) diverges (b) converges (c) converges 8. 68.6° or 35.4° 


Here are the questions from the April 2003 Final Exam in MAT 187H1S, with answers. 
514 students wrote this exam. The marks ranged from 6% to 96%, with an average of 
62.8% 


1. (20 marks: each part is worth 5 marks) Find the following: 
(a) the unit tangent vector to the curve with parametric equations 
r=ťP, y= Vt,z =Int 
at t= 1. 


oo 1 
Of aaa 


(c) the interval of convergence, including endpoints (if any), of the power series 


(Hl) lnn 
Ay", 


F192n 


L alae (HINT: what is the Maclaurin series for sin x?) 
(2n + 1)! 


n=0 


2. (10 marks) Solve for A as a function of t if 


dA | A 1 
100+ 2t 5 


and A= 20 whent=0. 


3. (10 marks; 5 marks for each part.) Find the general solution, y as a function of x, for 
each of the following differential equations: 


dy dy 
dy dy 


4. (10 marks; each part is worth 5 marks) Find the following: 


X 1 
a) the exact sum (not a decimal approximation) of =, 
(a) ( ) à (n + 1)3” 


0.5 
(b) the value of | (1 + x°)? dx correct to within 1074. 
0 


5. (10 marks) Find the critical points of f(x,y) = 2x? + 8ry + yt and at each critical 
point determine whether f has a relative maximum point, a relative minimum point, 
or a saddle point. 


6. (20 marks) For this question, consider the cardioid with polar equation r = 1 + sin 8. 


(a) (4 marks) Plot the graph of the cardioid. 


(b) (6 marks) Find the Cartesion or polar coordinates of all the critical points on 
the graph of the cardioid. 


(c) (5 marks) What is the area of the region enclosed by the cardioid? 
(d) (5 marks) Find the length of the cardioid for 0 < 0 < 2r. 


7. (10 marks) Do the following infinite series converge or diverge? Justify your answer. 


(a) (3 marks) 5 Gas 


Omay é = =) 


(c) (4 marks) 3 im 


8. (10 marks) A boy stands on a cliff 50 m high that overlooks a river 85 m wide. If 
he can throw a stone at 20 m/sec, can he throw it across the river? (Assume the 
acceleration due to gravity is 9.8m/sec?.) 


1 1 
ANSWERS: 1(a) Py ova l(b) 1 l(c) -l<a2<1 1(d) E sin(2x) 
2. A= 2 f 3 t4 ay 

3 15 3v 100 + 2t 


3(a) y= Cie? +Ce™ 3(b) y = Che” cosx+Coe™ sing 4(a)31n1.5 4(b) 0.5270833 
5. (0,0) is a saddle point; (4, —2) and (—4,2) are both minimum points. 


o) (en) = (0,0),(0,2), (4°82, 2) or (442,-t) 0 3x ola) s 


7(a) diverges 7(b) diverges 7(c) converges 8. No. 


Regarding Question 8: the actual angle to the horizontal that the boy should throw the 
stone to reach the point furthest from the base of the cliff is approximately 28°; not 0° or 
45°. 


The easiest way to solve this problem is to try and find an angle to the horizontal at 
which the boy should throw the stone so that it lands just on the edge of the river. But 
no such angle exists, since the resulting quadratic equation to be solved has no real roots. 


Here are the questions from the April 2001 Final Exam in MAT 187H1S, with answers 


374 students wrote this exam. The marks ranged from 7% to 93%, with an average of 
(only) 54.1% 


1. (15 marks: avg: 11.7) Find the following: 
t(l 
(a) (5 marks) [rma 
x 
(b) (5 marks) the length of the curve with parametric equations 


x = 4cost;y = 4sint;z = 3t for 0 <t < 2r. 


2 
(c) (5 marks) sm; (v + xy?) at the point (x,y) = (1, 1) 


2. (15 marks; avg: 9.2) Find the general solution to each of the following differential 
equations: 
dy > 
(a) (6 marks) a 2x(y* + 4) 
z 
d 2 j 
(b) (9 marks) ae = ae 
d £ £ 
= 1 48 128 1280 
3. (15 marks; avg: 7.7) Let f(x a c ya r” =1-— 4r’ +4 ote ze 4 I7 
Find the following: 


(a) (2 marks) f®(0) 
(b) (2 marks) the 6th degree Taylor polynomial of f(x) about x = 0 


_ f(a) -1+ 42? 
(c) (2 marks) lim A 


(d) (4 marks) the radius of convergence for f(x) 
0.5 
(e) (5 marks) J x’ f(x) dx correct to within .01 
0 


4. (15 marks; avg: 10.6) Consider the curve in the x-y plane with equation 
x? — 6x +y? =0. Find the following: 


(a) (5 marks) the polar equation of the curve 


(b) (5 marks) the length of the curve 


(c) (5 marks) the area of the region within the curve 


5. (10 marks; avg: 6.1) Find the critical points of f(x,y) = 3x4 — 6ry? — 4y? and at 
each critical point determine whether f has a relative maximum point, a relative 
minimum point, or a saddle point. 


6. (10 marks; avg: 3.3) Do the following infinite series converge or diverge? Justify your 


answer. 
X n+2 
3 k: 
eS aks > n? + sinn 
2 lnn 


(c) (4 marks) 5 is 


7. (10 marks; avg: 3.2) Find the following: 


(a) (5 marks) the exact sum (not a decimal approximation) of X` i 
n=1 
(b) (5 marks) the first four (non-zero) terms of the Maclaurin series of f(x) = 


What is the radius of convergence for this series? 


oe x 
8. (10 marks: : 2.5) Find [ de. 
mauve 22) Sa eae ae 


3 


ANSWERS: l(a) —In|csc(Inz)|+c (b) 10a (c) 1a 


2.(a) y = 2tan(2r? +c) (b) joa „Sing c 


tt x? Sh 
48 128 48 
3.(a) —8 (b) ee a (c) = (d) R=1/2 (e) .0273808 


4.(a) r=6cos@ (It’sacircle!) (b) 6r (c) 9r 
(0,0) is a saddle point; (1/2, —1/2) is a relative minimum point 


6.(a) converges (b) diverges (c) converges 


R=3 


4 T 50%. “DOR 0. TBA 
9 15 225° 3375° 50625" ° 


3x +7 
v2 + 2z — 15 


Here are the questions from the June 2001 Final MAT 187H1F Exam; 67 students wrote 
this exam. The marks ranged from 25% to 81%, with an average of 58.8% 


1. (15 marks: 5 marks each) Find the following: 
(a) / ze” dx 
(b) the length of the curve with parametric equations 
x = cost; y =sint; z = 13/2 


forO<t< 1. 


(c) a unit tangent vector to the curve r = Sin 'ti+In(¢ + 1)j at the point for 
which t = 0. 


2. (15 marks) Find the general solution to each of the following differential equations: 
dy 
(a) (5 marks) ~ = 3y+5 
dx 


dy ry 
(b) (10 marks) a a 


3. (15 marks: 5 marks each) The following three parts are not related. 


(a) Find the 5th degree Taylor polynomial of f(x) = — at x = 0 


(b) Find the interval of convergence of the power series f(x) = $C se" 
n=0 n 


1/3 sin z 


(c) Approximate the value of i) dx correct to within 0.0001, and explain 


why your approximation is Corect to within 0.0001 
4. (15 marks) Consider the cardioid with polar equation r = 1 — sin 0. 


(a) (5 marks) Plot the cardioid, and label all x and y intercepts. 
(b) (5 marks) Find the length of the cardioid. 
(c) (5 marks) Find the area of the region within the cardioid. 
5. (10 marks) Find the critical points of f(x, y) = 42° — 6ry? + 3y* and at each critical 


point determine whether f has a relative maximum point, a relative minimum point, 
or a saddle point. 


6. (10 marks) Do the following infinite series converge or diverge? Justify your answer. 


L n?+n-1 
(a) (3 marks) a We Pad 
CO : 1 
(b) (3 marks) X LU 
n=1 n 
2" Inn 


x 


7. (10 marks) Let f(x) = EERE 


(a) (6 marks) Use the binomial series expansion for (1 + z°)7? to find the 
Maclaurin series for f(x) and its radius of convergence. 


n(—1)” 


(b) (4 marks) What is the exact value of X` 


? 
A m 
8. (10 marks) Find a 5 — : dx. 
ANSWERS: I(a) we? —e7 +c 1(b) p 3VI —8) l(c) (1/V2,1/V2) 
2(a) y = —5/34+ ce 2(b) y =1+ (1+?) ln — E) beth + rT 


3(a) Ps(z) =x +r? +r’ +t t r’ 3(b) —1<x<1 3(c)0.3312752 
4(b) 8 4(c) 3r/2 

5. (0,0) is a saddle point; (1/2, +1/v2) are minima 

6(a) diverges 6(b) converges 6(c) converges 

7. This is a homework problem right out of the book: #12 of section 11.13 
7(a) x? — 224+ 32° — 427+... for |z| <1 7(b) —0.09 exactly 

8. 1—a/4+1/2 In2 


Here are the questions from the Final Exam in MAT187H15S of April 2002; 440 students 
wrote this exam. Marks ranged from 11% to 94% and the average was (only) 49.7% !! 


1. (10 marks; 2 marks for each part) Indicate in the blank to the right, which one of the 
integral expressions A to O listed below, equals the value of the quantity described 
on the left: 


The length of the spiral with polar 
equation r = 0, for0 <0 <r. 


The distance travelled by a particle 

along the curve with parametric equations 
x = cos(20); y = sin(20); z = 6?, 

for 0 < 0 < n, where 0 represents time. 


The length around one petal of the 3-leaved 
rose with polar equation r = sin(30) 


The area within the cardioid with polar 
equation r = 1 — cos 0 


The area of the region inside the curve with 
polar equation r = 2 + cos 0, but outside 
the circle with polar equation r = 5 cos 0. 


Pick your answers from: 


A. [ vi+0a0 B. 2 f VIFO C. [ vi+@ ao 
0 0 0 
D. 2 J. v1+6?d0 E. f Q- c0s6)? db F. 2 fa — cos 6)? d0 
0 0 0 
G. 2 ee — cos(30))2d0 | H. fa — cos(30))? d0 | I. A + 8 cos?(30))? d 
0 0 0 
T/3 T T/3 
J. | (1 + 8cos*(30))? dé | K. f 4/1 + 8 cos? (30) dé | L. | 4/1 + 8 cos?(30) d0 
0 0 0 


T T/2 
M. i (2 + cos 6)? d0 — f 25 cos? 0 dé 
T/3 T/3 


N. D (2 + cos 0)? — 25 cos? 0) dé 
T/3 


T/2 
O. fi (2 + cos 0)? — 25 cos? 0) dé 
T/3 


2. (10 marks) Find the exact sum — not a decimal approximation — of each of the 
following infinite series. Put your answer in the blank to the right. 


(a) (2 marks) 3 


=p. n! 
(b) 3 marks) X5 (3) 
(c) (5 marks) > LL : 


3. (15 marks) Find the critical points of 
f(x,y) = 22" + ay? + 5a? +y” 
and at each critical point determine whether f has a relative maximum point, a 
relative minimum point, or a saddle point. 
4. (10 marks) Plot the curve in the ry-plane with parametric equations 
GSP yee -— 3t, fr = 2 << 2: 
Be sure to label any maximum or minimum points, and to indicate when the graph 
is concave up and when it is concave down. 


5. (15 marks) 


(a) (5 marks) Solve for y as a function of x, if 

dy 5 

ae + ytan x = cos“ x, and y = 5 when x = 0. 
a 


(b) (10 marks) In 1992, ten castaways were stranded on an island. After finding the fresh 
water, the mango groves, and the man-eating tigers, they settled in for a long stay. 


Suppose the population, P, of castaways at time t, satisfies the differential equation 
dP 1 
— = —— P(100 — P 
dt 1000 ( ) 


where t is measured in years since 1992. 


(i) (5 marks) How many castaways are on the island now, in the year 2002? 


(ii) (5 marks) Sketch a graph of P, for t > 0. What will happen to the population 
of castaways as more and more time passes? 


6. (15 marks; 5 marks for each part) 


(a) Find the interval of convergence of the power series 


lee) (—2)rttyn 


Dame 


Don’t forget to check convergence of the series at the endpoints of the interval! 


(b) Write down the first four nonzero terms of the Maclaurin series of Tan7‘z. 
(Hint: what is f dx?) 


r? +1 
(c) What is the maximum possible error if the fifth degree Taylor Polynomial of 


Tan™tz about x = 0 is used to approximate Tan™tzr, for 0 < xz < 5! 


7. (10 marks) Do the following infinite series converge or diverge? Justify your answer. 


8. (15 marks) 


(a) (10 marks) At what angle to the horizontal should a baseball with initial speed 
30 m/sec be thrown from the top of a 100 m high cliff, if the baseball is to hit 
a target (on the flat ground below) exactly 25 m from the base of the cliff? 
(Assume the acceleration due to gravity is 9.8m/sec’; ignore air resistance and 
any other forces.) 


(b) (5 marks dx, for a > 0. 


oo 1 
Find ——— 
) K [ yeot — 1 
ANSWERS: 1. C D L E M 2(a) e7? 2(b) 3/2 2(c) 25/16 


3. (0,0) is a minimum point; (—5/3,0) is a maximum point; 
(—1, £2) are saddle points 
dy  3t?-3 y 3+3 


4. = = 
dz Qt dr? 4t3 


Critical points: vertcial tangent at (0,0); min at (1, —2); max at (1, 2) 
Graph is concave up for t > 0; concave down for t < 0. 


x-intercept is (3,0) at t =+V/3 


5(a) y=cosxsinx+5cosxz 5(b)(i) 23 5(b)(ii) logistic curve 


3 7? x 


6(a) —1/2<x2<1/2 eha > +2- = 6(c) 0.001116 


7(a) converges 7(b) converges 7(c) diverges 


8(a) —70.3 or 84.4 degrees to the horizontal; 8(b) a/a 


Here are the questions from the June, 2002 final MAT187H1F exam. 85 students wrote 
this exam; the marks ranged from 7% to 89%, and the average was 57.4% 


1. (30 marks: 5 marks for each part) Find the following: 


(a) the length of the logarithmic spiral r = e? for m < 0 < 2r. 


(b) the speed of a particle at time t = 2 if its position at time t is given by the 
parametric equations x = t? + 1l;y = tè — 2t; z = 1 — 4t. 


co 1 n+l 

(c) the exact sum of the series 5 (-3) 
n=1 

(d) the 5th degree Taylor polynomial of f(z) = ae at r = 0 


OO 


(e) the interval of convergence of the power series f(x 


Nf ee 
(f) o Ver+1 r 
2. (15 marks) Find the general solution, y as a function of x, to each of the following 
differential equations: 
d 
(a) (5 marks) = = ry + 2y? 
z 


dy y 1 
1 k = 
OO morke te r+1 z?+r-2 


3. (13 marks) Find the critical points of f (x, y) = xt+3zy? +y? and at each critical point 
determine whether f has a relative maximum point, a relative minimum point, or 
a saddle point. 


4. (10 marks) Plot the polar graphs of the two polar curves with equations 
= /3sin 20 and rz = cos 26; 
and find the area of the common region inside both curves. 


5. (10 marks) Do the following infinite series converge or diverge? Justify your answer. 


X n?+n-—l1 
3 k ——— 
eas S) EET 


a) pd Glan =) 


(oe) 


(c) (4 marks) ) 2 me 


6. (12 marks; 6 marks for each part) Find the following: 


o p2 
(a) the exact sum of the series 2 TE 
5 n m 
(b) the maximum possible error if $` — is used to approximate $` —. 
n=1 n=l © 


7. (10 marks) A bomb is dropped (initial speed zero) from a helicopter hovering at a 
height of 800 m. A projectile is fired from a gun located on the ground 800 m west 
of the point directly beneath the helicopter. The projectile is supposed to intercept 
the bomb at a height of exactly 400 m. If the projectile is fired 1 sec after the bomb 
is dropped, what should be the projectile’s initial speed and angle of inclination to 
the horizontal? (Assume the acceleration due to gravity is 9.8m/sec?, and ignore 
air resistance and any other forces.) 


ANSWERS: 1.(a) V2(e?" — e") (b) 2/33 (c) 1/20 (d) x—- a8 + að 
(e) -l<a2<1 (f) In(v2+1) 
2{a) y=- (b) y= 55 


x 
— +2 
TARTI 


(lnje +2|+2ln|z -1| +c) 


1 2 
3. (-3 +5) are both saddle points; (0,0) is a minimum point. 


5 1 

4. area = jae 1⁄3 5.(a) diverges (b) converges (c) converges 

6.(a) 2 (b) Ê = 0.040427681 

(a) = — =0. ai 
2 ež 


7. angle: 41.8 degrees; speed: 133.65 m/sec 
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University of Toronto 
FACULTY OF APPLIED SCIENCE AND ENGINEERING 
Solutions to FINAL EXAMINATION, APRIL, 2014 
First Year - CHE, CIV, IND, LME, MEC, MMS 
MAT187H1S - CALCULUS II 
Exam Type: A 
Duration: 150 min. 


General Comments: 


1. Questions 1, 2, 3, 5, 6(a) and 8 were completely routine, and very similar to corresponding 
questions from last year’s exam. They should have all been aced. Only Questions 6(b) 
and 7 could be classified as non-routine. Question 4 looks worse than it is; it certainly 
seemed to trip up lots of students. It was the only question with a failing average. 


2, The integral in 1(b) can be done with alinost any method you choose: parts, substitution, 
trig substitution, or even the substitution u? = 14+ 2°. 


3. Question 4 is really straightforward: it comes down to integrating 1/(a? +07) with respect 
tov. and tan u with respect to u. You just have to be careful. Many students thought they 
could use the method of the integrating factor, but it does not apply! Many students who 
separated variables correctly claimed the integral of 1/ f(a) with respect to a is In |fe), 
which is an egregious blunder! 


4. In Questions 7 and 8 shockingly many students used nonsense like Va? +b? = a +b or 
(a+b)? = a? +b? to simplify their work. Many students forgot to use the chain rule in 8(a). 


Breakdown of Results: 468 students wrote this exam. The marks ranged from 19% to 98%, 
and the average mark was 67.8%. Some statistics on grade distributions are in the table on the 
left. and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 


90-100% 8.1% 
2% | 80-89% 14.1% 


2 

7.8% | 70-79% 27.8% 
1.4% | 60-69% 21.4% 
16.0% | 50-59% 16.0% 
12.6% | 40-49% 8.1% 
30-39% 3.9% 
20-29% 0.4% 
10-19% 0.2% 


WOO w| e 


0-9% 0.0% g sake. 


1. {avg: 10.1/13] Find the general solution for each of the following differential equations: 


LP fi ; 
(a) [5 marks] ae Lg lOy=0) 
dax? da 


Solution: solve the auxiliary quadratic equation: 


; : —2+ /4—- 40 : 
r? +2 +10=0>r= 5 = -l £3. 


Then the general solution is 
y = Ae™ cose) + Be™ sin(3x), 


for arbitrary constants A and B. 


Solution: use the method of the integrating factor. 


— p5 flee?) da (In?) /2 1 ayel a : 
L=e =e = (Lv = 
S0 
l J daw? ud Vi +e? ea 
S AU Ua = we SSS 
i H. i J vita? 


| 
; 
— 
t 
© 


(let u=1+0%) = 2yr fee 


= 3(1+0%)(0? E 4+ KVIF®, 


for some arbitrary constant J. 


2. fave: 9.7/12] x = et cost and y = eY?" sin t are the parametric equations of a logarithmic 
spiral. Find the following: 


(a) [6 marks] all points on the spiral, for 0 < t < m, at which the tangent line to the 
curve is horizontal or vertical. 


Solution: 
de : di x, 
— = Bev 3 cost — evs sin ¢; Hs V3e"%! sint + ev! Cos ft. 
dt dt 
For horizontal tangents, wer ge L 
vA s M 
Fa N, 40 
dy ] IT 7 p 
Q0O=—Stant=--—-~>t=-, ; Nook 
dt V3 6 | ra \ Can 
/ \E 
and the point. is / \C 
f mtd] 
vy ze 5° / 


dx - T 2 ays 
For vertical tangents, 0 = ET = tant = V3 > t= 3° and the point is 
dt 


l seen V3 ny5: 
(x,y) = (ge Geran) l 


9 


(b) [6 marks] the length of the spiral, for 0< t< 7m. 


Solution: let L be the length of the specified curve. 


da: (4 ' 
L = it 
fy T T) dt + (4) 


= 3 Jews (3cos? t — 2V3 costsint + sin? t + 3sin? t + 2V3sint cost + cos? t) dt 
Jo 


| 4e2V3t dt = / 203i dt 
JO J () 


= nl = = (esi) 
v3 0 v3 


Alternate Solution: the polar equation of this spiral is r = e¥39 so its length is 


IN? i i 9 
(5) redo | V3 + eNO dp = | 2e" da = = (oF V3 -1) 


3. favg: 13.4/15] Find all the critical points of the function f(r,y) = «°y +y? — 12y and 
determine if they are maximum points, minimum points, or saddle points. 


Solution: Let z = f(x,y). Then 


Oz Oz 5 3 
— = 2vy and —— = æ + By? — 12. 
On Oy J 
Critical points: 
. : aie wor y = ( 
a? + 3y?-12 = 0 w+ By? = 12 eae 
Da — 0 > ay A => and 
h = l a? + 3y? = 12 


So the four critical points are: 


(ay) = (0, 2), (0, —2), (2V3, 0) or (—2V3, 0). 


Second Derivative Test: 


rz Oz ö?z 
= = 2y, — = by, —— = 2x 
Oa? 1 Oy? f OvOy 


and so 
A = (2y)(6y) — (22)? = 12y? — 4a”. 


e At each of (æ, y) = (2V3,0) or (—2V3,0) 
A = —48 < 0, 


so f has a saddle point at each of (x, y, 2) = (2V3, 0,0) and (2v3, 0.0) 
e At (x,y) = (0,2) A = 48 > 0 and 


so f has a minimum value (of z = —16) at (æ, y) = (0,2). 


e At (x,y) = (0,-2), A = 48 > 0 and 


so f has a maximum value (of z = 16) at (7, y) = (0, —2). 


4. (avg: 2.2/10] A bullet of mass m, fired straight up with an initial velocity of vo at t = 0, 
is slowed down by the force of gravity and a drag force of air resistance ku”, for some 
positive constant k. As the bullet moves upward, its velocity v satisfies the equation 

du A 
m— = = (kv + mg). 
(a) [6 marks} Solve the above initial value problem for v as a function of t. 


Solution: you could rearrange the given equation as 


dqu du koca Tii 
m— = -(kv” + mg) =—— G + Zg) ; 
' dt m. 


Let w = k/m and separate variables: 


"du . 7 = 
/ pre / lt [Stan (= v) = —wt+ C. 
oe ; g g 


eti , REAR AN w 7 fw 
To find C use the initial condition: v = v.t = 0: C = tan”! ( — v) . Then 
g g 


w E w w = w 
— tan — v —wt+ ,/— tan — vo 
g g g g 
w wW 
= tan! ( i v) = —/gott+ tan’ ( aaa w) 
g Vg 
Ja jw mg 
a = tan (~ va tte ( = so) ) = r tan | tan! 
w g V 


(b) [4 marks] If the height of the bullet at time ¢ is y and its initial height is 0 at £ = 0, 
solve for y in terms of t. 


f 


Solution: 


dy © img 2H 
— => i = tan | tan 
di 7 J Vk 
[mg 
> y= In {sec | tan7! 


Since yo = 0, vou can evaluate C to obtain: 


m 4 
y = T In Jcos | tan 


5 lave: 7.7/12] 


5.(a) [6 marks} Find the interval of convergence of the power series ) (as 


k=l Jk ab l 


Solution: let up = (—1)**'/(Vk 4"). The radius of convergence is 


Uk Vk + lat LEN 
R= lim LS lim ror = 4 lim oe = 4, 
k= | Up] hi 00 Jie fk hoe k 


so the open interval of convergence is (~2,6). Next, check the endpoints: 


e z = —2 > 


= cea 2) = aged) Zani 
5 (-1) Teak =X (-1) z= D 


k=l j k=] 


which diverges because it is a p-series with p = 1/2 < 1. 


exv=6> ac Sy 
Dei (a — 2)" 2 eo 
k=l Viel A=] vk 


which converges by the alternating series test. 


Answer: The interval of convergence is (—2, 6]. 


1/2 ; 
; ; : DON cla mee 
5.(b) [6 marks] Use series to find an approximation of | G+ correct to within 1077. 
Jo Me gp 


Solution: use the binomial series, and integrate term by term: 


ae da: ee 4\ 3/2 
| ETO = 1 (+æ ) “da 


II 
oo 
a 
Nw 
a aS 
= 
es 
NER 
pa 
o| T 
ee 
—_— 
ES 
alr 
t 
SY 
= 
Z; 
7 


EE a a S 
f 10° 24 208 - | 
a oe: 5 35 
= 37 300 1288 (2082) * 


a 


0.4910319010, 


correct to within 35 
D 
(208)(2) 


by the alternating series test remainder term. Must quote this to get full marks! 


x 20 x 107? < 1074, 


G fave: 7.7/13] 

6.(a) [7 marks] Find two elevation angles that will enable a shell, fired from ground level with a 
muzzle speed of 300 m/sec, to hit a ground-level target 3 km away. (Ignore air resistance; 

zs 2 

use g = 9.8 m/s”.) 
Solution: let sọ = 0, yọ = 0 be the initial position from where the shell is fired; let ¢ 
be measured in seconds since the instant the shell is fired; let the angle to the horizonal 
at which the shell is fred be a. We are given initial speed vg = 300. The parametric 


equations of motion for the shell are 


eee 
v= 300(cosa)t, y = 300(sin a)t — sgt. 


If the trajectory of the shell is to pass through 
the point (æ, y) = (8000, 0), we must have: 


300 t cos a = 3000 ; 
300 £ sina — 39 coe 0G i 
Thus pith cs 
600 sin & 
t=0 or t= ——————. v 

g 
Substitute the non-zero value of ¢ into the first, x = 3000 
equation and use the appropriate double angle zo = 0, yo = 0, vo = 300 
formula: ' 


600 sin a 
300 Z cosa = 3000 & sin(2a) = a => 2a = sin”! (= ) 
4 30 30 

=> 2a = 19° or 161° & a & 9.5° or 80.5°. 


6.(b) [6 marks] What is the 10¢h Maclaurin polynomial! of f(a) = e7 In(1 + 24)? 


Solution: use the series for e? with 2 = —a* and the series for In(1 + w) with w = a: 


5 i > at aË ee 
e™ h(l +a) = {1l—-a’4 EE v’ — + 
nare er aS ) 
að 7 410 . Te 10 f pl 
= l SS A ST = } 
2 2 2 4 6 12 
10 
ae ere us eee es 
3 
So the 10th Maclaurin polynomial of f(a) is 
10 


Piala) = zt — af + T 


‘same as the 104% degree Maclaurin polynomial 


7. avg: 7.3/13] Plot the two polar curves with polar equations 
r=2V3 cosé andr = 2+ 2 sind 


and then find the area of the region that is common to the two curves. (If vou can’t find 
the intersection angle in the first quadrant, call it & and give your answer in terms of œ.) | 


Solution: in the diagrain below, the red curve is the polar graph of the cardioid 


ri =2 + 2sinð, 
A 


and the green curve is the polar graph of the circle 


N 
w 
14 


Z ae i 
te a \ we fy = 2V3 cos. 
| E Pa ] The tivo curves intersect (see below) at 6 = 7/6, 
k Ji hee”, Bi as indicated by the blue line, and at 6 = —7/2, 
T mr rm a Ty ot Torrey for which both curves pass through the origin. 
E Note that the area within the green circle is 


k 7 n(V3)? = 37. 


There are two ways you can calculate the required area: 


1 r/6 | om [2 . | om /G : ‘ 

A, =-=- r? d@+— r5 dé or Ay = 3m - = (r5 — rý) dé. 

2 ] 2) a 9 ó ] 
~7/2 & d afG m 

Calculation of Ay: the area in the green circle minus the area outside the red cardioid. 


3r — 


> 
II 
Ww 
> 
i 
N| rR 
oS 
3 
Pe 
Q 
ZN 
Nw 
= 
es 
Sj 
II 
w| —Á 
Da 
= 


(12 cos? 9 — 4 — Ssin ð —4sin? 0) dd 


m/2 7/2 
il 7/6 a 
= 3m- - l (8 — 8sin — 16sin” 8) dé 
2 J —r/2 
1 em /G 
= 3m- J (8 — 8sin@ — 8(1 — cos(20)) dé 
as —7/2 
Ll a/6 
= gm =s J (8 cos(20) — 8 sin 0) dé 
2 J —=r/2 
l n/6 
= 3r- 5 4 sin(2 H) + 8cos 0)", = 3r — 3V3 


Intersection Points: 1, = ry => 1% =r} => 4+8sin 0+4sin” 0 = 12 cos? 9 = 12(1—sin? 0) 
Simplifying gives 2sin? 4+ sind — 1 = 0 & sinf = 1/2 or — 1. So 9 = 7/6 or =r /2. OR: 
1 


3 1 
2V3 cos = 2 + 2sin 6 o V3cosð -sinf = 1 n cosh — 5 sing = 5 


1 
> cos(7/6 +6) = aaa ay ee 


8. fave: 9.7/12] Consider the curve with vector equation r = sin(e’)i + cos(e!)j + v3 ek. 


ir i 
(a) [6 marks] Calculate both and | 
dt dt 
Solution: j 
dr 
T= e cos(e')i — e sin(e')j + v3 ek; 
dt 
dr ; p ae, aa 
ies e?t cos?(e!) + e% sin" (et) + 3e% 
dt 


= V4ert 


Je! 


(b) [6 marks} Find an are length parameterization of the curve, with reference point 
(0. 1,0), for which ¢ = =œ. 


Solution: 


of, 
= 
F— OO 


So the arc length parameterization of the curve is 


Dol] & 


Ua OOD 


od, 
du = | 2e" du = lim [2e"]! =2'-Ose= 
J -X 


r = sin(s/2)i+ cos(s/2)j + v3 8/2k. 
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No explanation is necessary. (20 Marks) 
For questions 1-4, consider the differential equation for y(t): 

y +tytt=0 
1. The equilibrium solution is (circle one option) 


(a) y()=-1 (c) y(t)=1 


(b) y(t) =0 (d) There is no equilibrium solution 


2. Ifa solution y(t) has a horizontal asymptote, then what is it? 


Y= 


3. Consider the solution y(t) which satisfies y(0) = 1. Complete the blanks: 


y'(0) = 


y"(0) = 


4. (Harder!) Consider the solution y(t) which satisfies y(0) = 1. What is the first value T > 0 for which 
y(t) <0 for allt > T? 


T= 


5. Consider two particles with positions r1(t) = (cos(t),§) and ro(t) = (1 + t, re’). 


(a) These particles collide and the paths intersect. 
(b) The particles collide, but the paths don’t intersect. 
(c) The particles don’t collide, but the paths intersect. 


(d) The particles don’t collide and the paths don’t intersect. 


Continued... 
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For questions 6—9, please consider the following power series 


f(a) = a 
k=0 
6. The radius of convergence for this series is R = 
7. f f(x) dz = (not as a power series). 
8. f(z) = (not as a power series). 


10. The position of a particle is F(t) = (x(t), y(t)) as given in the 
figure on the right. 


(a) The slope of the path of the particle at the point (4, 0) is 


(b) At this point, the particle is moving to the 


left / right and up / down. 


(circle the correct options) 


Continued... 
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PART II. Answer the following questions. Justify your answers. 


#8 
11. Consider the curve r(t) = (-5 lee 2). 


(a) (10 marks) Find the maximum curvature. 


(Hint. Use the formula with the cross product) 


(20 Marks) 


Continued... 
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(b) (6 marks) Show that there is no minimum curvature. 


(c) (4 marks) Consider the particles with positions ri (t) = F(t) and 73(t) = r(e? — rt). Will these 


particles collide? If so, when? 


Continued... 
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12. Archer fish hunt by spitting a jet of water at a nearby flying insect. (20 Marks) 
? 


1 


(a) (5 marks) Assume that the fish’s position, as shown, 
is (—1, —1) and the insect’s position is (V3, 1) and the 
water surface is at y = 0. 

When the fish sees the insect, water refraction changes 
the angle of the light as in the figure on the right, 


causing the fish to misjudge the insect’s position. 


The fish sees the path to the insect as a straight line. What does the fish think is the position 


of the insect? 


Continued... 
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(b) (10 marks) The fish hunts the insect by spitting a jet 
of water in the direction of the dotted line. Ignoring 
the effects of water and air resistance, but considering 
gravity, d = (0,—g), how fast should the fish spit the - 
water to hit the insect? Assume all distances given 


are in cm and the insect is not moving. 


(c) (5 marks) How much time does the insect have to move out of the way? 


Continued... 
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13. Consider a vector-valued function (20 Marks) 


F(t) = (x(t), y(t), 2), 


for t € [a,b]. The graph of this function forms a curve. 


Find a formula for the area between the curve and the 


xy—plane (as indicated in the figure). 


Hint. To make the exercise easier, you can follow the steps: 


(a) Let a<to < tı <b. Sketch the rectangle with coordinates 
Po = (x(to),y(to),0) , Pr = (2(to),y(to),2(t1)) , Pe = (z(tı) (tr), 2(th)) , P= (x(t1), y(t), 0) 


(b) What is the area of the rectangle from (a)? 


(c) Approximate the area (between the curve and the zy~plane) with the area of n thin rectangles. 


(d) Find a formula for the exact area between the curve and the zy—plane by taking the limit as n — oo. 


Continued... 
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(Use this page to continue question 13) 


Bonus. ‘Test your formula. Use your formula to find the area for the function (4 Marks) 


F(t) = (t,t,t) for t € [0,1] and confirm that it matches the formula for the area of a triangle. 


Continued... 
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14. In this question we will investigate the shells of some land snails. (20 Marks) 


(a) (8 marks) A certain snail’s shell has the shape of the 
spiral 


r= 6, 


where the magnitude of the angle 0 in radians equals 


the number of days since the snail was hatched. 


If the variable r is in mm, how long will it take for the shell’s spiral to be 2 mm long? 


Continued... 
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(b) (8 marks) A different snail’s shell also forms a spiral. Each night, since it’s humid, the length 
grows by 3, om but during the day, since it’s dry the length decreases by i cm, where n 
is the number of days since it hatched. 

If the snail lives forever, how long will the shell’s spiral be? 


(Hint. If you use >> notation, it should remind you of a Taylor series, with x set equal to —1) 


Continued... 
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[a] 


(c) (4 marks) For the same snail as in (b), how many days will it take for the shell’s spiral to be 


within shy cm of the limiting size? 


Bonus. Excluding this bonus question, what is your mark on this exam? +2 points (3 marks) 


Continued... 
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USE THIS PAGE FOR ROUGH WORK. 
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PART I. No explanation is necessary. (20 Marks) 
For questions 1-4, consider the differential equation for y(t): 
y ttyt+t=0. 


(circle one option) 


(c) y(t)=1 


1. The equilibrium solution is 


(a) y(t) =- 


(b) y(t) =0 (d) There is no equilibrium solution 
2. Ifa solution y(t) has a horizontal asymptote, then what is it? 


Y= "j 


3. Consider the solution y(t) which satisfies _y(0) = 1. Complete the blanks: 


y= _O | yet 14) | | 


o= _~4 y's : (41)- t y 


4. (Harder!) Consider the solution y(t) which satisfies y(0) = 1. What is the first value T > 0 for which 
t) < 0 for allt > T? 2 
y(t) th 


r-\aln2 jaita 


5. Consider two particles with positions rı(t) = ( cos(t), $) and r2(t) = (1 + t, re). 


(a) These particles collide and the paths intersect. 


(b) The particles collide, but the paths don’t intersect. 


e particles don’t collide, but the paths intersect. 


(d) The particles don’t collide and the paths don’t intersect. 


Continued... 


For questions 6—9, please consider the following power series 


bai ; 
k+1 
f(x) = 7 ak. 
k=0 
6. The radius of convergence for this series is R = 4 


0o k 
| nh 
T: fro dz = Tenji +C k z D +C (not as a power series). 


& fare = | b (not as a power series). 


10. The position of a particle is F(t) = (x(t), y(t)) as given in the 
figure on the right. 


1 = i a A 


(a) The slope of the path of the particle at the point (4, 0) is 


d. a. 2 [tzes]. 


(b) At this point, the particle is moving to the 


decreasing 
left)/ right and up Kaown 


x% decreasing 


(circle the correct options) 


Continued... 


PART II. 


Answer the following questions. Justify your answers. 


11. Consider the curve F(t) = (-5. fa 21). (20 Marks) 
(a) (10 marks) Find the maximum curvature. 
(Hint. Use the formula with the cross product) 
k= |v xa} 
iv i 
= 2 o) 
2 a= 2 are? 
Ve (4 ) at, 2) 
2 
[v= | thaat ah = tha 
-3 FE i T 
~ 5 kl = 414 At) with 
> A _ 4 
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xk 2 


ETATE a [hF a(t 
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(b) (6 marks) Show that there is no minimum curvature. 
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(c) (4 marks) Consider the particles with positions ri (t) = F(t) and 73(t) = F(e? — rt). Will these 


particles collide? If so, when? 
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12. Archer fish hunt by spitting a jet of water at a nearby flying insect. (20 Marks) 
? 


(a) 


(5 marks) Assume that the fish’s position, as shown, 
is (—1, —1) and the insect’s position is (v3, 1) and the 
water surface is at y = 0. 

When the fish sees the insect, water refraction changes 
the angle of the light as in the figure on the right, 


causing the fish to misjudge the insect’s position. 


The fish sees the path to the insect as a straight line. What does the fish think is the position 


The nis\ubyed pes dl Je nie 1S 
mM plor e s: b=% and r= (Bft = 2 


(e)= m) 
o in rectangby whati i (>y4)= (T, P) = (ee) 


Continued... 


(b) (10 marks) The fish hunts the insect by spitting a jet WV 
(v3.1) 


of water in the direction of the dotted line. Ignoring 


the effects of water and air resistance, but considering 


gravity, @ = (0,—g), how fast should the fish spit the = (_1,-1) a 


water to hit the insect? Assume all distances given 


are in cm and the insect is not moving. 


The pst al Je yt of ugar TH) satisfies 3 
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(c) (5 marks) How much time does the insect have to move out of the way! 


The insedl Les T= 2(8-1) ade l, move ail d 
Ye Fa 


F 'l- ( ieit) ee 
ly = 
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13. Consider a vector-valued function (20 Marks) 


for t € [a,b]. The graph of this function forms a curve. 


Find a formula for the area between the curve and the 


xy—plane (as indicated in the figure). 


Hint. To make the exercise easier, you can follow the steps: 


(a) Let a< ty < tı < b. Sketch the rectangle with coordinates 
Po = (x(to), y(to), 0) , Pı = (x(to), y(to), z(t1)) ’ P = (x(t1), y(t), z(t1)) 
(b) What is the area of the rectangle from (a)? 


(c) Approximate the area (between the curve and the ry—plane) with the area of n thin rectangles. 


(d) Find a formula for the exact area between the curve and the zy—plane by taking the limit as n —> oo. 


(a) a(t) 
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(Use this page to continue question 13) 
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Bonus. Test your formula. Use your formula to fin e area for the function (4 Marks) 


T(t) = (t,t,t) for t € [0,1] and confirm that it matches the formula for the area of a triangle. 
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14. In this question we will investigate the shells of some land snails. (20 Marks) 


(a) (8 marks) A certain snail’s shell has the shape of the 


spiral 


r= 6, 


where the magnitude of the angle @ in radians equals 


the number of days since the snail was hatched. 
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(b) (8 marks) A different snail’s shell also forms a spiral. Each night, since it’s humid, the length 
grows by os cm, but during the day, since it’s dry the length decreases by sd cm, where n 
is the number of days since it hatched. 

If the snail lives forever, how long will the shell’s spiral be? 


(Hint. If you use ` notation, it should remind you of a Taylor series, with x set equal to —1) 
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(c) (4 marks) For the same snail as in (b), how many days will it take for the shell’s spiral to be 


within sha cm of the limiting size? 
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Bonus. Excluding this bonus question, what is your mark on this exam? +2 points (3 marks) 
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PART I. No explanation is necessary. (20 Marks) 


5 
1. (2 marks) I V 25 — r? dz = 
0 


2. (2 marks) Consider the function 
_ 40 + 5a? — 11x — 22 


It can be decomposed into ? 
c 
= + b+ 
Lae x-2 xr+2 
with 
a = C= 
b= d= 


3. (2 marks) Consider a continuous function f(x) which satisfies 


b 
i; fe)de =145 for all b > 1. 
—b 


Circle the one correct conclusion. 


OO 
(a) There is enough information to decide that f f(x)dx must converge. 
— 00 
OO 
(b) There is enough information to decide that f f(x)dx must diverge. 
— OO 
OO 
(c) There is not enough information to decide about the convergence of f f(x) dz. 
—oo 


4. (2 marks) Let f(x) be twice differentiable satisfying f(0) = 6, f(1) = 7 and f’(1) =6. Then 


o af" (x) dx = 
0 


5. (2 marks) Give an example of a power series with radius of convergence R = 3. 


2 


n=5 


Continued... 


24 122 si — 24 4 
6. (2 marks) lim cos(x) + Au nE 7 
«wt £ 


7. (2 marks) The vector-valued function F(t) = (s —3,0,3- e) traces (circle the correct conclusion) 


(a) a straight line. (c) a circle. (e) a helix. 
(b) a cubic. (d) an ellipse. (£) a spiral. 
E 
8. (2 marks) Consider a vector-valued function 7(t) = (cost 1 5 + ao sin(t)), 


Then the curvature at t = 0 is 


K(0) = 


9. (2 marks) The solution of 
y(t) + 2y/(t) — 8y(t) = 0 
y(0) =0 
y'(0) =4 


is y(t) = 


10. (2 marks) Consider the same differential equation 
y” (t) + 2y/(t) — 38y(t) = 0. 


Give an example of a solution that satisfies y(t) > 0 and Jim y(t) =0. 
—> CO 


y(t) = 


Continued... 


PART II. 


11. 


You are working for Texas Instruments and need to program the function (20 Marks) 


arctan(x) into a calculator. The calculator can only add, subtract, multiply, and divide numbers. 


One way to do it is to use Taylor Series. 


1 


x 
(a) (3 marks) Use a substitution to show that arctan(x) = | EET du 
0 uU 


(b) (7 marks) What is the Taylor series for arctan(x) centred at a = 0? Justify your answer. 


Hint. Recall the geometric series, as given in the formula sheet. 


Continued... 


(c) (5 marks) What is the radius of convergence of this series? Justify your answer. 


(d) (5 marks) We want to compute arctan($). How many terms do we have to add to make sure 
that the error is smaller than 278? Justify your answer. 
Hint. Once you have an inequality describing the number of terms needed, guess and check 


to find the smallest number of terms that satisfies the inequality. 


Continued... 


12. 


Consider a drone performing some acrobatics with position (20 Marks) 


F(t) = (20:020) = (3 cost) , 3sin(t) , 2(t—1) + i), 
where ¢ is measured in seconds and the position is measured in metres. 


(a) (5 marks) What is the minimum altitude z(t) flown by the drone? Justify your answer. 


(b) (5 marks) What is the magnitude of the acceleration? 


Continued... 


(c) (10 marks) The drone works up to an altitude of only 163m. What is the total distance 


travelled by the drone until it stops working? Justify your answer. The answer can be in terms 


b 
of i, sec?(u) du without having to compute this integral. 
a 


Continued... 


13. 


Consider a boat propeller with the shape 


r = 1.5 + cos(30) 27 


(a) (5 marks) We can fit a circle cen- 


tred at the origin inside this curve. ÖT 


aD 


What is the maximum radius of 


such a circle? Justify your answer. 


AY 


(20 Marks) 


T 
3 
T 
6 
2 x 
lla 
6 
57 
3 


(b) (7 marks) What is the tangent line for the first positive angle 0 where the curve touches the 


centre circle found in (a)? Justify your answer. 


Hint. sin (3) = v3 and cos (3) = $. 


Continued... 


(c) (8 marks) What is the area of the shaded blade of the propeller excluding the centre circle 


found in (a)? Justify your answer. 


Continued... 
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MAT 187 — Final Exam 


MULTIPLE-CHOICE PART. (20 marks) 
ANSWER THESE QUESTIONS ON PAGE 12 OF THE TEST. 
For questions 1. — 4., consider the following power series f(x) = ut 
k=1 
1. (2 marks) The radius of convergence of this series is 
= 1 
(A) R=0. (C) R=4. (E) R=2. 
1 
(Bit (D) R=1. 
2. (2 marks) The function f(x) is 
(A) f(x) =- (1 - 2). (C) f(x) = -ln(1 -— 2”). (E) f(x) = e”. 
(B) f(x) =—In(1 — 2z). (D) f(z) = —In(1 — 427). 
3. (2 marks) The series at £ = —4 
(A) converges absolutely. 
(B) converges conditionally. 
(C) diverges. 
4, (2 marks) What is f{!®)(0) ? 
418 49 
(A) fC (0) = -18! TE (C) f)(0) = -18! T (E) #0) =0 
418 49 
(B) £090) = Ise (D) 090) = 18! 
5. (2 marks) The int 1 f aA dx i lt 
: — ~ dri a 
r e integra milt x is equal to 
(A) 2in|2 +1|-—In(1 +z?) +C. (C) 2In|z + 1|- (1 +z?) +C. 
(B) 2ln|x + 1|-— 2arctan(x) + C. (D) In|jz + 1| + arctan(x) + C. 
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OO 
1 
6. (2 marks) The integral f ——— dr 
( ) T E ee wa 
(A) converges to 0. (C) converges to 2. 
(B) converges to 1. (D) diverges. 


7. (2 marks) We can approximate cos(1) by using the tangent line to y = cos(x) at x = 0. We get 


(A) cos(1) ~ 0. (C) cos(1) © (E) cos(1) ~ 1. 


1 
3 (D) cos(1) % 


ERR 


8. (2 marks) The general solution to y” — 6y’ + 9y = 0 is 
(A) y=cie** + cze”. (C) y = ge? + core”. 


(B) y = ce” + cze”. (D) y = c cos(3x) + c2 sin(3x). 


9. (2 marks) Which of the following differential equations has solutions that are unbounded for x > 0? 


(A) y” +9y = cos(x) (C) y” +9 =0 (E) y" +10y' + 9y = sin(x) 


(B) y” + 9y = cos(3x) (D) y” +10y' + 9y = 0 


10. (2 marks) The length of the curve r = cos(@) + sin(@) for 0 < 0 < 35 is 


(A) 7. (C) r, 
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LONG ANSWER PART 


11. A railroad company plans to lay railroad tracks on a flat plain. The tracks can 


be modelled as a curve y= f(x) for some function f(x). You can assume z = 0. 


Note. You can use the results of previous parts even if you didn’t solve them. 


(a) (7 marks) Show that the curvature of the track at a point (x, f(x),0) is 


-ro 
(1+ f'(£)2)? 


Hint. Calculations are easier with the cross product formula. 


(20 marks) 


(b) (3 marks) Show that « < |f” (x)|. 


(c) (4 marks) To bypass two farms in the path, between —2 < x < 6 the track goes along the 


curve y = acos(ba) shown in the figure for some a > 0 and b > 0. What are a and b? 


(d) (6 marks) The maximum curvature of the track must not exceed 2. Is the track in (c) 


acceptable? Justify your answer. 


12. Consider the irregular baseball field in the figure. (20 marks) 


The field is bounded by lines with angles —a and 7/2 + a 


for some small angle a. 


The curve that separates the outfield and the infield is given 
by a circle of radius v2 centred at the point (1,1). 


(a) (5 marks) Write a formula for the circle in x-y-coordinates. 


(b) (5 marks) Write the formula r = f(0) for the circle in polar coordinates. Justify your answer. 


Hint. Use the formulas z = rcos(@) and y = rsin(@). 


(c) (10 marks) Compute the infield area. Justify your answer. 


Area = 


13. Consider the differential equation (20 marks) 
y” — 5y' + 4y = 10cos(2z) 


and the initial conditions 
y(0) =3 and y' (0) = 10. 


(a) (5 marks) Find the Taylor polynomial p(x) = co + c1% + c2x? of degree n = 2 centred at a = 0 
for the solution y(x) of the above equation without solving the differential equation. Justify 


your answer. (You will be asked to solve the differential equation in part (b) below.) 


(b) (8 marks) Find the solution of the initial value problem. Justify your answer. 


(c) (5 marks) Find the Taylor series centred at a = 0 of the solution found in (b). Justify your 


answer. 


(d) (2 marks) Find the coefficient of zt of the Taylor series you found in (c). 


C4 = 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS. 


If you wish to have this page marked, make sure to refer to it in your original solution. 
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If you wish to have this page marked, make sure to refer to it in your original solution. 


UNIVERSITY OF TORONTO, FACULTY OF APPLIED SCIENCE AND ENGINEERING 
MAT187H1S — Calculus II — Final Exam — Group Part - April 16, 2019 


EXAMINERS: G. CHEN, S. COHEN, B. GALVAO-SouSA, P. MILGRAM, F. PARSCH, M. PUGH 
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Total marks: 8 


Name UTorID email Qmail.utoronto.ca 


Instructions (READ CAREFULLY) 
e DO NOT WRITE ON THE QR CODE AT THE TOP OF THE PAGES. 
e Read all the instructions carefully. 


e This test contains 8 pages and a detached formula sheet. Make sure you have all of them. 


e You can use pages 6-7 for rough work or to complete a question (Mark clearly). 


DO NOT DETACH ANY PAGES. 


e No calculators, cellphones, or any other electronic devices are allowed. If you have a cellphone 


with you, it must be turned off and in a bag underneath your chair. 


GOOD LUCK! 


MULTIPLE-CHOICE PART. (2 marks) 
ANSWER THESE QUESTIONS ON PAGE 8. 


Only your answer on page 8 will be graded. 


OO 


1. (1 mark) The power series `> an(x — 4)” has radius of convergence R = e. What is the radius of 
n=0 
convergence of 
y a (= = *) 9 
n=0 : 
(A) R=0 
(D) R=e? 
1 
B RS = 
(B) R=+ 
(E) R= œ 
(C) R=1 


2. (1 mark) From the following functions, select ALL that satisfy fC!) (1) = 2019. 


(A) f(x) = —(a — 1) cos(a — 1) E (yet 

(D) f(z) = > a-p” =)? 
(B) f(x) =(@—1)cos(x— 1) pene 

@ f= 5° 2!) ea 


(C) f(x) = sin(x — 1) n=2305 


LONG ANSWER PART 


You work for a roller coaster construction company and Canada’s Wonderland (6 marks) 
is asking you to design a new ride. Your job is to design a specific part of the ride. 


The trajectory should follow the curve given by 


t t 
r(t) = ( bf cos(u2)du , ct , vf sin(u?) du ) in metres, 
0 0 


for 0 < t < 10 seconds. 


Consider parts (a) and (b) as independent. 


(a) (1 mark) Riders should never exceed a speed of 50 m/s. What are the restrictions on b and c? 


Your answer should not include t. Justify your answer. 


(b) (1 mark) Taking safety and durability into account, the curvature should not exceed b mt, 


What are the restrictions on b and c? Your answer should not include t. Justify your answer. 


Note. For this question, do not use the restrictions that you found in (a). 


(c) (1 mark) Give values b 4 0 and c ¥ 0 that fulfil all the above design requirements. Your answer 


should not include t. Justify your answer. 


(d) (1 mark) Your manager asked you to calculate 7(1) . 


Approximate using Taylor polynomials of degree 4 centred at 0. Justify your answer. 


(e) (2 marks) Using your approximation in (d), fill in the boxes below. Justify your answer. 


/N 


1 
< | cos(u*) du 
0 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS. 


If you wish to have this page marked, make sure to refer to it in your original solution. 
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If you wish to have this page marked, make sure to refer to it in your original solution. 
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EXAMINERS: G. CHEN, S. COHEN, B. GALVAO-SouSsA, P. MILGRAM, F. PARSCH, M. PUGH 
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Total marks: 80 


Instructions: 


e Do not write on the QR code at the top of the pages. 


e This test contains 16 pages and a detached booklet for multiple-choice questions and formula sheet. 


DO NOT DETACH ANY PAGES. 
e You can use pages 12-15 to complete questions (mark clearly which questions you are answering). 


e Calculators, cellphones, or any other electronic devices are not allowed. If you have a cellphone 


with you, it must be turned off and in a bag underneath your chair. 


e DO NOT START the test until instructed to do so. 


GOOD LUCK! 


LONG ANSWER PART 


11. You work for a roller coaster construction company and Canada’s Wonderland (21 marks) 
is asking you to design a new ride. Your job is to design a specific part of the ride. 


The trajectory should follow the curve given by 


t t 
re) = ( of cos(u?)du , ct , of sin(u?) du ) in metres, 
0 0 


for 0 < t < 10 seconds. 


Consider parts (b)—(d) as independent. 


(a) (1 mark) Show that 7’(t) = (bcos(t?), c, bsin(t?)). 


(b) (6 marks) Riders should never exceed a speed of 50 m/s. What are the restrictions on b and 


c? Your answer should not include t. Justify your answer. 


(c) (6 marks) Taking safety and durability into account, the curvature should not exceed D mE, 


What are the restrictions on b and c? Your answer should not include t. Justify your answer. 


Note. For this question, do not use the restrictions that you found in (b). 


(d) (6 marks) The roller coaster should exert a maximum acceleration of 40 m/s? in the normal 
direction. What are the restrictions on b and c? Your answer should not include t. Justify your 


answer. 


Note. For this question, do not use the restrictions that you found in (b) and (c). 


(e) (2 marks) Give one possible pair of values b 4 0 and c Æ O that fulfil all the above design 


requirements. Your answer should not include t. Justify your answer. 


12. A scientist wants to study the growth of the trunk of a Giant Sequoia. Assume (19 marks) 
the trunk has a circular cross section with radius r(y) at the height of y and the 


total height of the tree is H (all units in metres). 


(a) (7 marks) Assume that a Giant Sequoia’s trunk is 50% water, uniformly 


distributed throughout the trunk. 


Show that the work it took for the tree to bring water from the ground to fill 
the whole trunk was # 

weh yr’ (y) dy, 
where p is the mass density of water (in kg/m?) and g is the acceleration due 


to gravity. 


Your answer should not include just formulas, but also a step-by-step expla- 


nation about how the formulas were obtained. 


Hint. Within a thin slice of the trunk as shown in the figure, work can be 


approximated as force times displacement. 


(You can continue your answer to (a) on the next page) 


You can continue your answer to (a) here. 


(b) (6 marks) The scientist took some measurements of the tree: 


e The tree is 19 m high. height y | radius r height y | radius r 
e Measurements for the radius are given in the 0 2.0 10 0.35 
table on the right (all units are in metres). 2 1.3 12 0.3 
4 0.8 14 0.25 
e The function yr?(y) is increasing for y < 2. 6 0.56 16 0.21 
e The function yr?(y) is decreasing for y > 2. 8 0.43 18 0.19 


She wants to make sure to overestimate the work calculated in (a). 
Approximate as best as you can with the data available while making sure to overestimate it. 
As before, don’t give just formulas, but also explain all your decisions and procedures. 


You don’t have a calculator, so leave your answer unsimplified. 


(c) (6 marks) The scientist met with a statistician who analyzed the data and deduced that the 


12 + for ap 0. 


shape of the tree is very well approximated by r(y) = 3y~ 
Ignoring other physical constraints, can the tree grow infinitely tall and still need only a finite 


amount of work to bring water to the whole trunk? Justify your answer. 


13. In this question we will study the continuity of a parameter of a second-order 


ordinary differential equation. 
(a) (6 marks) Find the solution x(t) of 


v(t) — 22'(t) + x(t) =0 
x(0) =0 
x'(0)=1 


Justify your answer. 


(20 marks) 


(b) (7 marks) Consider the initial-value problem 


Assume h > 0. Find the solution x(t). Justify your answer. 


Hint. For this part only, you can assume h > 0 is a constant. 


xe, (t) = 


(c) (5 marks) Use your answer from (b) and find the limit lim xn(t). Justify your answer. 
— 


li t) = 
ea 


(d) (2 marks) Compare the results of questions (a) and (c). What do you observe? 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS. 


If you wish to have this page marked, make sure to refer to it in your original solution. 
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If you wish to have this page marked, make sure to refer to it in your original solution. 
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If you wish to have this page marked, make sure to refer to it in your original solution. 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS. 


If you wish to have this page marked, make sure to refer to it in your original solution. 


Neatness counts. Make sure to explain your steps in words. If you do not explain your work, 


YOU WILL LOSE MARKS, even if your final answer is correct. 


Essay Questions 


1. You are a second year student tutoring an MAT187 student. They are asking for your help matching 
four vector valued functions with four graphs. 


They say: “I know that (d) matches (3) because we can replace each of the three exponential 
functions with a new parameter s and then we can see that it is just a line.” 


Imagine you are on the phone with them. You can not point at anything, you can not really say 
formulas, just words. Write how you would explain the other three matches to the student. 


Suggested length: 150-200 words. 


(a) F(t) = (tcost, tsint, t) (b) F(t) = (cost, cos 2t, sin t) 
2 
(c) F(t) = (i r 5] (d) 7(t) = (5 —e',2-2e',1+e*) 


(4) 


2. A lightsaber channels The Force to cause a Kyber crystal to emit plasma. Let y(t) be the power of 
the plasma emission (Watts) at time t (seconds). It is governed by this ODE: 


y’ =a(b — y) where a and b are constants 


If the user can use The Force, the plasma emission will stabilize around 1,000,000 Watt. 


(a) x100 words: Should we choose a = 1,000,000 or b = 1,000,000? 
Should the other constant (the one that is not 1,000,000) be positive or negative? 


(b) +100 words: Classify the ODE and state what method you would use to solve it. 


3. You are a second year student tutoring an MAT187 student. They are asking you about the first 
short-answer question (The one that starts with “You know the following about a power series...”). 
Please explain your answers to them. Note that you do NOT need to explain all your choices. Pick 
some representative ones. 


Suggested length: 150-200 words. 


MAT187 Calculus II — Winter 2020 — Final Exam page 1 of 


MAT187 Calculus II — Winter 2020 


Final Exam — Cover Sheet — April 25/26, 2020 


Recommended time: 180 minutes 


IF YOU DO NOT HAVE A PRINTER 


close this file, exit the form, and access the no-printer form instead. 


How to submit Points 
Cover sheet Print, write and submit on Crowdmark must submit 
Long answers Print, write and submit on Crowdmark, 4 questions, 8-10 points each 38 
Short answers Submit on Quercus (as a Quiz), 8 questions, 2 points each 16 
Essay Submit on Quercus (as an Assignment), 3 questions, 4 points each 12 
Cockpit form Submit on Microsoft Forms as the last step must submit 
More submission details on the third page 66 
In submitting this assessment ... Initial here 


.. [confirm that my conduct during this take-home exam adheres to the 


Code of Behaviour on Academic Matters 


.. I confirm that I have not acted in such a way that would constitute cheating, misrep- 
resentation, or unfairness, including but not limited to, using unauthorized aids and 
assistance, impersonating another person, and committing plagiarism. 


.. [confirm that the work Iam submitting in my name is my own work. 


.. [confirm that I have not received help from others, whether directly or indirectly. 


.. [confirm that I have not provided help to others, whether directly or indirectly. 


.. [confirm that I have only used the aids marked as “OK” on the next page. 


In this box write out the entire following sentence: 
“I pledge upon my honour that I have not violated the Code during this assessment.” 


Student number: Date: Signature: 


Good luck! You can do this! 


Do not upload this page on Crowdmark or Quercus. 


The OK list 


This OK list is a closed list, not just a list of examples. 


OK: Anything that can be found on the MAT187 Quercus page 

OK: Yes, this includes the textbook and all lecture slides 

OK: Your own (!) previous MAT187 work (term tests, tutorial worksheets, WeBWork) 
OK: Your own (!) lecture notes 

OK: Any other Calculus textbook that you have access to 

OK: Online learning videos (e.g. the ones published by Khan Academy) 

OK: While Piazza will be locked for posting, you can still read all old Piazza posts 
OK: wolframalpha.com and desmos.com 

OK: symbolab.com 

OK: Faculty-approved calculator 


Everything else is NOT OK 


Here are some examples of things that are not OK. 


These are just examples. Unless something is on the OK list, it is not OK. 


NO: Contacting any MAT187 student (it doesn’t matter what you are talking about) 
NO: Communicating with anyone about the final exam content 

NO: Posting on so-called "tutoring websites" like chegg.com 

NO: Posting in online forums like stackexchange 


NO: Entering the questions into a search engine 


NO: Using any other platform where you enter /submit/voice any content or ask any questions (in 
particular, no chats, messengers, calls, ...) 


MAT187 Calculus II — Winter 2020 — Final Exam page 2 of[12] 


Do not upload this page on Crowdmark or Quercus. 


Long Answer Questions 


Upload all white pages to Crowdmark (you should have received a submission link). You must upload 


each answer to the matching question: The pages for Q1 in the Q1 upload section and so on. 


Do not use additional pages or your submission will not be considered. 


Short Answer Questions 


You can find the short answer quiz on Quercus. 


https://q.utoronto.ca/courses/13847//quizzes//0967 


Essay Questions 


Submission is different from the practice exam. We have simplified the process. 


You do not need to work with DOCX/PDF files etc. Instead, just click on each of the following three links 
and submit your answer to the essay questions there: 
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the Turnitin.com reference database, where they will be used solely for the 
purpose of detecting plagiarism. The terms that apply to the University’s 
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When answering the questions do NOT copy-paste the question prompt. Start answering right away. 
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rors; most relevant details 
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Delivery 


Terminology is appropriate; 
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Neatness counts. Make sure to explain your steps in words. If you do not explain your work, 


YOU WILL LOSE MARKS, even if your final answer is correct. 


1. A classic ramp that is used to make buildings accessible has a (10 marks) 
shape like the one on the right. Computing the mass of concrete 


necessary to build this ramp is straightforward. < 
goest 


However, you are working with an ambitious architect, who 


wants to have a ramp like this: A classic ramp. 


y View from above Side view 


= 
a 


Note: Each orange line is at constant height (no mat- 
ter how strange the figure looks) and different orange 
lines may be at different heights. 


e The inner and outer edges of the ramp, as viewed from above, are given in polar coordinates 
by the functions r(@) and R(@). 
e The height of the ramp at angle 0 is given by h(6). 


e The concrete used has a constant density p. 


Find a formula for the total mass of your ramp in terms of h, r, R, and p. To get credit you must 
explicitly explain each step in the derivation of your formula, including any approximations that 
are made and any limits that are taken. 


To clarify: You are not supposed to find specific functions h(@), r(0) and R(@). 
Instead, your answers should be formulas that work for any h(@), r(@) and R(@). 


(a) (2 marks) As a first step, split the ramp into several pieces in an appropriate way (“slicing”). 
Explain in words, not formulas, how you are slicing it and why. 
Also label one slice in the figures above. 


Continue on next page... 
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Neatness counts. Make sure to explain your steps in words. If you do not explain your work, 


YOU WILL LOSE MARKS, even if your final answer is correct. 


(b) (4 marks) Now consider one single “slice”. Write an expression for the mass of concrete in one 
slice. You should explain what is being approximated, how it is being approximated and any 
specific choice you are making in your approximation. Don’t just use formulas, also explain 
in words. 


mass of concrete in one slice ~ 


(c) (4 marks) Using your previous results, find an approximation for the total mass of all concrete 
used in this ramp. Afterwards, deduce an integral formula for the exact value. 
Explain all intermediate steps. 


Approximation: 
mass of concrete ~ 


Exact value: 
mass of concrete = 
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Neatness counts. Make sure to explain your steps in words. If you do not explain your work, 


YOU WILL LOSE MARKS, even if your final answer is correct. 


2. Honey the Bee flies along the path 7 (t) = (in |t], 2V2E, t) (8 marks) 
Let t = 1 be the time at which we start observing her. 


(a) (2 marks) What distance will Honey have to travel to reach the point (ln 2, 4, 2)? 
You should use WolframAlpha to solve this part 


What did you enter into WolframAlpha? 


What is your result? (Write a decimal. For example 1.2345) 


(b) (2 marks) Honey is afraid of sharply turning curves. Should she be more afraid of the 
beginning or the end of her flight? Explain. 
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Neatness counts. Make sure to explain your steps in words. If you do not explain your work, 


YOU WILL LOSE MARKS, even if your final answer is correct. 


(c) (4 marks) Honey has a friend Buzz who starts at the same point at t = 1. But Buzz is scared 
of high speeds. He is following Honey’s flight path but wants to make sure that at (In2, 4,2), 
he has a speed of $. Find a vector valued function p (t) that describes such a path for Buzz. 


Explain. 


p(t) = 
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Neatness counts. Make sure to explain your steps in words. If you do not explain your work, 


YOU WILL LOSE MARKS, even if your final answer is correct. 


3. We are considering an oscillator whose spring constant grows (10 marks) 


wate time. Additionally, we are going to act on the oscillator y” +4y! +4ty = f(A 12) 
with an external force. 


y(0) =0 
The oscillators displacement from rest y(t) (in meters) at time t y/(0) =1 
(in seconds) is described by the IVP on the right. A is a constant. 
29 p2ntl 
The Taylor series of f(t) centred at t = 0 is On)! Remember that 0! = 1. 
n=0 


(a) (3 marks) For what values of t does the Taylor series of f(t) converge? Explain. 


The series converges for 


(b) (3 marks) What is the tenth degree Taylor polynomial for the function f (At?) 
centred at t = 0? Explain. 


Pio(t) = 
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Neatness counts. Make sure to explain your steps in words. If you do not explain your work, 


YOU WILL LOSE MARKS, even if your final answer is correct. 


(c) (4 marks) Use your answer to part (b) and the IVP to find the fourth degree Taylor polynomial 
for the solution of this IVP centred at t = 0. Explain. 
You may not need all the space on this page. 


MAT187 Calculus II — Winter 2020 — Final Exam page 9 of [12] 


Neatness counts. Make sure to explain your steps in words. If you do not explain your work, 


YOU WILL LOSE MARKS, even if your final answer is correct. 


4. Zora the Magical Healer has taken a slightly dark turn over the past month. (10 marks) 


She has discovered that not every zombie can be healed and has decided to amuse herself by 
launching the remaining creatures using the Zombiechet 3000. This machine is a trebuchet. 


I you would like to see a trebuchet in action, please watch the following video (optional!): 
https: //www. youtube. com/watch?v=1xPKJFdaTWA 


Use metres for all distances and seconds for time. 


The origin (0,0) is at the centre of the trebuchet, see figure. 


(a) (2 marks) At t = 0, the Zombie is at A. It then gets pulled around 135° along a circular arc of 
radius 4 m to B. This takes 1/3 seconds and it happens at constant speed. Find a vector valued 
function describing this trajectory. Explain. 


7 (t) 
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Neatness counts. Make sure to explain your steps in words. If you do not explain your work, 


YOU WILL LOSE MARKS, even if your final answer is correct. 


(b) (1 mark) Halfway between A and B, the Zombie experiences tangential acceleration that is... 
©... negative ©... Zero ©... positive 


Choose one option above, then explain your choice briefly in words, not formulas: 


(c) (1 mark) Halfway between A and B, the Zombie experiences normal acceleration that is... 
©... negative ©... Zero ©... positive 


Choose one option above, then explain your choice briefly in words, not formulas: 


(d) (1 mark) What is the velocity of the Zombie at the point B? Explain. 


(e) (4 marks) At B, the zombie leaves the trebuchet, which has therefore no more influence on the 
zombie’s trajectory. Reset time and let t = 0 be the moment the Zombie is at point B. Finda 
vector valued function describing the flight of the zombie starting from point B. Explain. 
Ignore air resistance/drag, but include gravity in your calculation 


You can continue on the next page... 
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Neatness counts. Make sure to explain your steps in words. If you do not explain your work, 


YOU WILL LOSE MARKS, even if your final answer is correct. 


... continue part (e) here 


(f) (1 mark) When does the Zombie hit the ground? Explain. 
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grown and achieved. No one assessment captures that but your conscience will stay with you forever. 


Make yourself and your loved ones proud of the student that you are by conducting yourself honestly at all 
times. In your team, hold each other accountable to these standards. 


In submitting this assessment ... Short sentences 
... | confirm that my conduct regarding this test adheres to the | know the Code. 
Code of Behaviour on Academic Matters 

. | confirm that | have not acted in such a way that would constitute cheating, mis- | didn’t cheat. 


representation, or unfairness, including but not limited to, using unauthorized aids and 
assistance, impersonating another person, and committing plagiarism. 


... | confirm that the work | am submitting in my name is the work of no one but myself. This is only my work. 
... | confirm that all pages have been handwritten by myself. | wrote all pages. 

... | confirm that | have not received help from others, whether directly or indirectly. | didn’t receive help. 
... | confirm that | have not provided help to others, whether directly or indirectly. | didn’t provide help. 
... | confirm that I have only used the aids marked as “OK” on the list. | only used “OK” aids. 
... Lam aware that not disclosing another student’s misconduct despite my knowledge is I know | must report 
an academic offence. cheating. 


In this box, handwrite the sequence of short sentences (starting with “I know the Code. | didn’t cheat...”). 


Your student number Your signature 
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1. No justification is required for your answers in question 1. 


(a) (2 marks) Write a function in the box (denominator) so that the I l dx 


integral CAN be solved with trigonometric substitution x = 7 sin 0 
and CAN NOT be solved with partial fraction decomposition. 
(b) (2 marks) If f(x) = y Be ae - 2)", then (01)(2) = . 
n=0 10” ' 


(c) (2 marks) Consider the ODE y’ = f(y) 
where f(y) is the function plotted on the right. 


f(y) 


At which of these values of y is a solution y(t) of the 
ODE concave down? 


Oy=-4 Oy=-3.5 Oy=-3 Oy=-2.5 
Oy=-2 Oy=-15 Oy=-1 Oy=0 


Select all that apply. There might be one or several choices. 
This is your call to make. 


(d) (2 marks) Given P(t) = <4sint,4cos t,10t) , find N(x) = ooo 


co TSX 


2. (a) (2 marks) The integral f dx converges for all choices of s > 0. OTRUE © FALSE 
1 


xs 


Pick true or false, then justify: 


(b) (2 marks) Consider a function f(x) and its second Taylor Polynomial po(x) OTRUE Ọ FALSE 
centred at a. If po(x) is not constant and has a maximum at a, then f(x) has a maximum at a. 


Pick true or false, then justify: 
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3. (4 marks) Consider a circular fence of radius 1. A goat is tied to the fence, see picture. The rope has length 
0 < a< 1. Find an expression for the area of the region that the goat can graze. Explain your work. 


Your final answer should include a as a parameter. You must use 
polar coordinates for this question to receive any points. 


You do NOT need to compute any integral(s) in your expression. 


Formula for area (can include integral(s)): 


4. In the city of Calcary, temperatures tend to range from a low of -15° Celsius to a high of 30° Celsius. The 
number of days, in one year, that the city experiences temperatures below T degrees Celsius, is given by 


T 2 
D(T) = J 14e 26 dx -15< T < 30 
-15 


(a) (2 marks) As part of a project on reducing energy consumption due to heating you are asked to 
estimate the following quantity: The number of days, in one year, that the temperature in Calcary is 
below 0° Celsius. If you had to make sure to underestimate this quantity, which numerical integration 
method would you use? Justify. 
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(b) (4 marks) Instead of using numerical integration methods, you are now asked to use the content 


regarding Taylor series to estimate the number of days as stated in part (a). Find a series expressing 
this number of days. Justify. 


Series giving the number of days: 


(c) (4 marks) You are now asked to approximate the value of the series that you found in part (b) by 
taking the sum of the first N terms. Determine the minimum value of N that is required to guarantee 
and error of less than 10°”. Justify. You do NOT need to compute the sum after finding N. 


You can use a calculator for basic arithmetic (addition, subtraction, multiplication, division). 
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5. You are supervising a team of operators of a forced mechanical system governed by the equation 
y” +y= f(t), where f(t) is a forcing function of the form f(t) = cos(at) a >0 


and a can be adjusted by the operators. The system is always run with the initial condition y(0) = y’(0) = 0. 


For safety reasons, you need to guarantee that the amplitude of the oscillations always remains below 10. 


(a) (1 mark) Why does @ = 1 have to be excluded? Briefly justify, using vocabulary from class. 


(b) (1 marks) State the solution of the IVP, assuming @ + 1. Do not show computations. 


Solution: y(t) = 


(c) (3 marks) Explain in 2-3 sentences the main steps of finding the solution in part (b) in words, using 
vocabulary from class. Do NOT show the detailed computations. We will ignore any computations 
and formulas when assigning points and give points only for ideas expressed in full sentences. 


(d) (3 marks) Design a warning label to be put on the controls. Explain. 


Complete the label: 


WARNING: When running the machine, al- 
ways make sure that a is chosen as follows: 
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6. Your name is Michael Burnham, science officer on the starship USS Discovery. You are bored and decide 
to pass the time by throwing a ball in the break room. 


Denote the path of the ball by F (t) = <x(t), y(t)>, where the y-direction is up/down. 


Time is given in seconds. Distance is given in metres. 
The ball’s initial position is 7 (0) = <0, 1.5). 
The ball has an initial speed of 20 m/s and an initial angle 0 = 7/6 with the horizontal. 


The artificial gravity on USS Discovery is unstable, which means the magnitude of the gravitational 
acceleration is fluctuating, as given by g(t) = 10 + sin t (in m/s”). 


The drag due to air resistance is proportional to -7’ with proportionality factor 0.25 kg/s. 
The mass of the ball is 0.5 kg. 


(a) (2 marks) What is r’(0)? Explain. 


(b) (4 marks) Keeping in mind Newton’s Second Law, find an equation involving r’(t) and F” (t) incor- 
porating the above facts. Explain. 


Equation: 


For the remaining parts of this question, we are only interested in y(t), i.e. the second component of F (t). 


(c) (2 marks) From your answer in part (b), you should be able to state an ODE for y(t) that does not 
involve x(t) at all. State it, including the initial condition(s). 
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(d) (6 marks) Consider the ODE in part (c). For each of the following techniques, indicate if it is a useful 


tool on the way to finding the solution y(t). Justify, using vocabulary from class. 


You do NOT need to find y(t). 


Method Justify 


Separation of variables... 
© ...is a useful tool. 


©O...is NOT a useful tool. 


Integrating factor... 
CO...is a useful tool. 


O...is NOT a useful tool. 


Undetermined coefficients... 
CO...is a useful tool. 


©O...is NOT a useful tool. 


7. A cyclist is riding a bike along the path 


P(t) =<x(t), y(t)> «Os ts5 


as plotted on the right. 


Time is given in seconds, distances are given in metres. 


Note that you can NOT find the explicit equation for 
F(t) given the limited information. You can (and must) 


answer this question without the equation for F(t). 


The cyclist is prudent, which means they will slow 


down heading into the curve. 


You are given that a(0) = <0,0) and that their speed at 
t = 0 is 8m/s and their speed at t = 5 is 3m/s. 


t=0 


t=5 


smf t=3 


— 
3m 


One step in the grid is 3 metres. 
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On this page, you are asked to draw two graphs. The graphs should be plausible. They can of course only 
be approximate. What we are looking for is the right general behaviour and the right scale. 


(a) (3 marks) Draw a plausible graph of the curvature x(t) and justify your graph. 
Make sure to indicate your choice of scale for the vertical axis. 


Justify your graph: 


(b) (3 marks) Draw a plausible graph for the tangential acceleration ay(t) and justify your graph. 
Make sure to indicate your choice of scale for the vertical axis. 


Justify your graph: 


(c) (3 marks) Consider the normal acceleration ay(t). Estimate these three values, then briefly justify. 


Justify your values: 
an (0) = 


an (3) = 


ay(5) = 
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MAT187 Calculus II — Winter 2021 


Test 1 — Jan 27, 2021 


Time alotted: 60-120 minutes (this is a recommendation) 


Your full name: 


Your student number: 


Your email address: @mail.utoronto.ca 


Your signature: 


INTEGRITY STATEMENT ON NEXT PAGE! 


Do not forget to fill it in. 


SUBMISSION DEADLINE IS JAN 27, 23:59 


Do not cut it close. You don’t want to exhaust your Grace Budget in Test 1 already. 


READ THE OK LIST! 


Note that the OK list for tests differs from the team assignment OK list. 


TEST COMMUNICATION BAN UNTIL 01:20 AM 
Due to the Grace Policy students could submit the test for credit until 01:20 AM on Jan 28. Until then, do not 
talk to anyone (student or not) about this test or share with anyone (student or not) any of the test content. It 
does NOT matter if you have already submitted. 


Question Q1-3 Q4 Q5 Q6 Q7 Total 


Points 10 8 4 4 8 34 


Good luck! You can do this! 


If you don’t complete and sign this page, you will receive a grade of zero for the entire test. 


We at U of T want you to feel proud of what you accomplish as a student. Please respect all of the hard work you’re doing 
this term by making sure that the work you do is your own. 


We don’t expect you to score perfectly on the assessments and there will be some things that you may not know. Using an 
unauthorized resource or asking someone outside your team for the answer robs you of the chance later to feel proud of 
how well you did because you'll know that it wasn’t really your work that got you there. 


Success in university isn’t about getting a certain mark, it’s about becoming the very best person you can by enriching 
yourself with knowledge, strengthening yourself with skills, and building a healthy self-esteem based on how much you’ve 
grown and achieved. No one assessment captures that but your conscience will stay with you forever. 


Make yourself and your loved ones proud of the student that you are by conducting yourself honestly at all 
times. In your team, hold each other accountable to these standards. 


In submitting this assessment ... Short sentences 
... | confirm that my conduct regarding this test adheres to the | know the Code. 
Code of Behaviour on Academic Matters 

. | confirm that | have not acted in such a way that would constitute cheating, mis- | didn’t cheat. 


representation, or unfairness, including but not limited to, using unauthorized aids and 
assistance, impersonating another person, and committing plagiarism. 


... | confirm that the work | am submitting in my name is the work of no one but myself. This is only my work. 
... | confirm that all pages have been handwritten by myself. | wrote all pages. 

... | confirm that | have not received help from others, whether directly or indirectly. | didn’t receive help. 
... | confirm that | have not provided help to others, whether directly or indirectly. | didn’t provide help. 
... | confirm that I have only used the aids marked as “OK” on the list. | only used “OK” aids. 
... Lam aware that not disclosing another student’s misconduct despite my knowledge is I know | must report 
an academic offence. cheating. 


In this box, handwrite the sequence of short sentences (starting with “I know the Code. | didn’t cheat...”). 


Your student number Your signature 
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1. (2 marks) When setting up the PFD for the rational function below, before solving 
for the coefficients, how many such coefficents (A, B, C,...) do you need? Write a | | 
number in the box, no justification needed. Do NOT solve for the coefficients. 
4x 
(x? - 4)2(x? + 1)3 


2 
2. (4 marks) You are given that J xf’(2x) dx = 8 and a table of values of f. 
1 


x 


f(x) 


[1 [2 [3] 4 [5] 6 
| -4 | 10 | 6 | -2 |8 | -12 


|o 
|2 


2 
Find J f(2x) dx. Justify your answer. Make sure to put your final answer in the box. 
1 


[ ies dx | | 


3. (4 marks) The following integral was solved using the trigonometric substitution x + 2 = 3tan 0. 


| dx= f d0 =0+cosĝ+C= +C 


a E E EE EE S I A AAA EES. 
write a function in terms of x here 


Write a function in terms of x in the gap on the right. Then justify your choice below. 
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4. For each of the following two integrals, explain what methods you would use to solve it. “Techniques” 
refers to all the different kinds of manipulations, strategies, and techniques you learned during this year. 


USE WORDS ON THIS PAGE, IN PARTICULAR VOCABULARY FROM CLASS! 


Do not write down the actual work of solving the integrals. That would be a waste of time since no marks 


will be given for it. It’s all about naming the major steps. 


n 5x% + 13x? + 2 d 
(a) (4 marks) (x? n V(x - m x 


First, | would use 
name/specify manipulation/strategy/technique here 


| would do so because 


Write words, not just formulas! 


At some point, | would also need 
name/specify manipulation/strategy/technique here 


| need it because 


Write words, not just formulas! 


At some point, | would also need 
name/specify manipulation/strategy/technique here 


| need it because 


Write words, not just formulas! 


(b) (4marks) | (e%e® + V1 + e2*)e* dx 


First, | would use 


name/specify manipulation/strategy/technique here 


| would do so because 


Write words, not just formulas! 


At some point, | would also need 


name/specify manipulation/strategy/technique here 


| need it because 


Write words, not just formulas! 


At some point, | would also need 


name/specify manipulation/strategy/technique here 


| need it because 


Write words, not just formulas! 
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5. (4 marks) Find this integral. Include enough steps to show your reasoning within the space available. 
1 
“V2 


1 
—__—. dx 
j. x? V4x2 -1 


Put an exact answer here, not a decimal! 
zA 
V2 1 
dx = 
-1 0 -x*V4x2-1 


6. (4 marks) Consider Ke f(x) dx. Draw the plot of a continuous function f(x) such that the trapezoid 
approximation T) overestimates this integral but the trapezoid approximation T4 underestimates the 


same integral.Write your explanation in the space next to the graph. You are not asked to find an equation 


for f(x), a graph is enough. 
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7. (a) (4 marks) Consider a car which is traveling in a straight line in the positive direction. The car’s 
velocity is given by v(t). Your colleague is providing you with some facts, based on measurements: 
e For 0 < t < 5, the car is slowing down. 
e For 5 < t < 10, the car is speeding up. 
e The acceleration is increasing for 0 < t < 10. 


You want to use numerical integration to estimate the total displacement that the car experiences 
for 0 < t < 10. For each of the following techniques, make one choice and explain briefly. 


Method Justify 
The Left-Point Rule Lp... 

CO. ...overestimates. 
©O...underestimates. 


O We can’t tell. 


The Trapezoid Rule T,... 
CO. ...overestimates. 
©O...underestimates. 


O We can’t tell. 


(b) (4 marks) A rock is dropped from the top of a building. It’s falling downwards (i.e. in the negative 
direction) for 0 < t < 10. The rock’s velocity is given by v(t). Assume that gravity is the only force 
acting on the rock (no air resistance, etc.). You want to use numerical integration to estimate the 
total displacement that the rock experiences for 0 < t < 10. For each of the following techniques, 
make one choice and explain briefly. 


Method Justify 
The Right-Point Rule R,... 
©O...overestimates. 


CO. ...underestimates. 


O We can’t tell. 


The Mid-Point Rule Mp... 
©O...overestimates. 
© ...underestimates. 


O We can’t tell. 
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MAT187 Calculus II — Winter 2021 


Test 2 — Feb 10, 2021 


Time alotted: 60-120 minutes (this is a recommendation) 


Your full name: 


Your student number: 


Your email address: @mail.utoronto.ca 


Your signature: 


INTEGRITY STATEMENT ON NEXT PAGE! 


Do not forget to fill it in. 


SUBMISSION DEADLINE IS FEB 10, 23:99 


Do not cut it close. Any lateness will affect your Grace Budget or might lead to a lateness penalty. 


READ THE OK LIST! 


Note that the OK list for tests differs from the team assignment OK list. 


TEST COMMUNICATION BAN UNTIL 01:20 AM 
Due to the Grace Policy students could submit the test for credit until 01:20 AM on Feb 11. Until then, do not 
talk to anyone (student or not) about this test or share with anyone (student or not) any of the test content. It 
does NOT matter if you have already submitted. 


Question Q1-3 Q4 Q5 Q6 Q7 Total 
Points 10 10 4 4 8 36 


Good luck! You can do this! 


If you don’t complete and sign this page, you will receive a grade of zero for the entire test. 


We at U of T want you to feel proud of what you accomplish as a student. Please respect all of the hard work you’re doing 
this term by making sure that the work you do is your own. 


We don’t expect you to score perfectly on the assessments and there will be some things that you may not know. Using an 
unauthorized resource or asking someone outside your team for the answer robs you of the chance later to feel proud of 
how well you did because you'll know that it wasn’t really your work that got you there. 


Success in university isn’t about getting a certain mark, it’s about becoming the very best person you can by enriching 
yourself with knowledge, strengthening yourself with skills, and building a healthy self-esteem based on how much you’ve 
grown and achieved. No one assessment captures that but your conscience will stay with you forever. 


Make yourself and your loved ones proud of the student that you are by conducting yourself honestly at all 
times. In your team, hold each other accountable to these standards. 


In submitting this assessment ... Short sentences 
... | confirm that my conduct regarding this test adheres to the | know the Code. 
Code of Behaviour on Academic Matters 

. | confirm that | have not acted in such a way that would constitute cheating, mis- | didn’t cheat. 


representation, or unfairness, including but not limited to, using unauthorized aids and 
assistance, impersonating another person, and committing plagiarism. 


... | confirm that the work | am submitting in my name is the work of no one but myself. This is only my work. 
... | confirm that all pages have been handwritten by myself. | wrote all pages. 

... | confirm that | have not received help from others, whether directly or indirectly. | didn’t receive help. 
... | confirm that | have not provided help to others, whether directly or indirectly. | didn’t provide help. 
... | confirm that I have only used the aids marked as “OK” on the list. | only used “OK” aids. 
... Lam aware that not disclosing another student’s misconduct despite my knowledge is I know | must report 
an academic offence. cheating. 


In this box, handwrite the sequence of short sentences (starting with “I know the Code. | didn’t cheat...”). 


Your student number Your signature 
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1. (2 marks) What is the value of the following limit? 


Write the final answer as a number in the box. No justification is necessary. | | 
n 2 
i 1 
lim 1-— ]- 
n—0o 2, ( n? ) n 


For all further questions below, having the correct result alone will not be worth any points. 


2. (4 marks) Does the following integral converge or diverge? If yes, find the exact value. If no, explain why 
it doesn’t converge. Justify. Note that a > 0 is a constant. 


foe] 
f axe ™ dx 
5 


Write either “divergent” or the value of the integral in this box: 


3. (4 marks) You are asked to decide if your company’s newest project is profitable. Profitable means that 
the annual net income is positive. You are given the following facts: 
(i) The annual net income is given in Canadian dollars by p(t) dt. 
0 
(ii) This integral was estimated with the Left-Hand-Rule using 4800 intervals. The result was 500. 
(iii) -34 < p’(t) < 20 at all times. 


Based on this information, can you guarantee that the project is profitable? Explain. 


You can use a calculator for basic arithmetic (adding, subtracting, dividing, multiplying, square root). 
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6 
4. For this question, consider the integral I f(x)dx of the function plotted on the right. 
0 
For all parts of this question, you can use a calculator for basic arithmetic (adding, subtracting, dividing, multiplying, square root). 
(a) (2 marks) Compute the Trapezoid approximation T; of 


the integral stated above. 


In this part, one decimal accuracy is fine when reading the graph. 


J 


(b) (4 marks) Find a bound for the error when approximating 
the integral with the Left-Hand Rule with 100 intervals. 
Justify. 


(c) (4 marks) If you would like to approximate this integral with the Mid-Point rule, how many intervals 


can be chosen to guarantee that the error is smaller than =? Justify. 


Sm 
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5. (4 marks) Does dx converge or diverge? Justify. 


ener, 
0 x7 +x? 


Conclusion: The integral... O...converges. 


6. (4 marks) You are given the following facts about a function f(x). 


(i) f(x) is defined and continuous everywhere, except at x = 0. 
(ii) The value of f(x) is always positive. 
(iii) f(x) < Ta for x < 0. 


(iv) f(x) > 4 for0<x <2. 
(v) f(x) < 4 for7 < x. 


Make a choice: J f(x)dx... O ...converges. O...diverges. 
-3 


Now justify your choice. 


O ...diverges. 


© ...we can’t tell. 
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7. A fisher is standing at the lakeshore. 


Her fishing net is 5 metres long. NEES: 


The density of fish in the lake is given in kilograms per 
square metre by the continuous function g(r), where r 
is the distance in metres from the point where the fisher 
is standing. © 


You are asked to estimate M, which is the amount o Fisher 


of fish (in kilograms) that the fisher can reach. Top view 


(a) (7 marks) Write a right-endpoint Riemann Sum approximating M. Explain any approximations and 
assumptions you make. Justify. Do NOT use integrals or differentials in this part. 


Riemann Sum: M ~ 


(b) (1 marks) Based on your answer in the previous part, write an integral giving the exact value of M. 


Integral: M = 


MAT187 — Winter 2021 — Test 2 page 6 of 6 


MAT187 Calculus II — Winter 2021 


Test 3 — Mar 3, 2021 


Time alotted: 60-120 minutes (this is a recommendation) 


Your full name: 


Your student number: 


Your email address: @mail.utoronto.ca 


Your signature: 


INTEGRITY STATEMENT ON NEXT PAGE! 


Do not forget to fill it in. 


SUBMISSION DEADLINE IS MAR 3, 23:99 


Do not cut it close. Any lateness will affect your Grace Budget or might lead to a lateness penalty. 


READ THE OK LIST! 


Note that the OK list for tests differs from the team assignment OK list. 


TEST COMMUNICATION BAN UNTIL 01:20 AM 
Due to the Grace Policy students could submit the test for credit until 01:20 AM on Mar 4. Until then, do not 
talk to anyone (student or not) about this test or share with anyone (student or not) any of the test content. It 
does NOT matter if you have already submitted. 


Question Q1 Q2 Q3 Q4 Q5 Total 
Points 2 4 10 8 8 32 


Good luck! You can do this! 


If you don’t complete and sign this page, you will receive a grade of zero for the entire test. 


We at U of T want you to feel proud of what you accomplish as a student. Please respect all of the hard work you’re doing 
this term by making sure that the work you do is your own. 


We don’t expect you to score perfectly on the assessments and there will be some things that you may not know. Using an 
unauthorized resource or asking someone outside your team for the answer robs you of the chance later to feel proud of 
how well you did because you'll know that it wasn’t really your work that got you there. 


Success in university isn’t about getting a certain mark, it’s about becoming the very best person you can by enriching 
yourself with knowledge, strengthening yourself with skills, and building a healthy self-esteem based on how much you’ve 
grown and achieved. No one assessment captures that but your conscience will stay with you forever. 


Make yourself and your loved ones proud of the student that you are by conducting yourself honestly at all 
times. In your team, hold each other accountable to these standards. 


In submitting this assessment ... Short sentences 
... | confirm that my conduct regarding this test adheres to the | know the Code. 
Code of Behaviour on Academic Matters 

. | confirm that | have not acted in such a way that would constitute cheating, mis- | didn’t cheat. 


representation, or unfairness, including but not limited to, using unauthorized aids and 
assistance, impersonating another person, and committing plagiarism. 


... | confirm that the work | am submitting in my name is the work of no one but myself. This is only my work. 
... | confirm that all pages have been handwritten by myself. | wrote all pages. 

... | confirm that | have not received help from others, whether directly or indirectly. | didn’t receive help. 
... | confirm that | have not provided help to others, whether directly or indirectly. | didn’t provide help. 
... | confirm that I have only used the aids marked as “OK” on the list. | only used “OK” aids. 
... Lam aware that not disclosing another student’s misconduct despite my knowledge is I know | must report 
an academic offence. cheating. 


In this box, handwrite the sequence of short sentences (starting with “I know the Code. | didn’t cheat...”). 


Your student number Your signature 
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1. (2 marks) Write a constant in the box such that for ALL solutions that aren’t constant, we have 
|y(t)| — +œ for t— +00 


No justification is necessary. Only the number in the box will be marked. 


For all further questions below this line, having the correct result alone will not be worth any points. 


Throughout the ENTIRE test you can use the results of a calculator for: 
addition, subtraction, multiplication, division, e*, In x, sin x, cos x, square root. 
But remember that we are expecting answers that are as precise as possible. 


2. (4 marks) Explain why the following statement is true: 


If the constant-coefficient ODE ay” + by’ + cy = 0 has ONE solution 
that is periodic and not constant, then ALL solutions are periodic. 


We put the text for question 3 on this page so you have more space to answer it on the next one. 


Do NOT write anything about question 3 on this page. 


3. The Magenta Party is campaigning in the election for the House of Commons of Canada. 


The election is in 20 days. Assume for the purpose of this question that a party wins the election if and 
only if it has more than 50% of support among eligible voters on election day] Assume that there are 
25,000,000 eligible voters in Canada. 


Suppose M(t) is the fraction of eligible voters supporting the Magenta Party (note that 0 < M(t) < 1) with 
t measured in days from today. Every day, the Magenta Party gains supporters at a rate of 3% of the total 
voter population. But the Magenta Party also loses 5% of their supporters every day. 


'This is a simplification since Canada actually has a first-past-the-post system in every riding, and there are more than two parties, 
and not every eligible voter does vote, and some people make mistakes on the ballot, etc. 
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See previous page for question text! 


(a) (5 marks) Write an ODE governing M(t) in the box: | 


First explain the ODE. Then find the general solution. 


M(t) = 


(b) (5 marks) What is the minimum number of supporters that the Magenta Party must have today so 
that they will win the election? Make sure to give an integer as an answer. Explain. 


Minimum number of supporters necessary today = 
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4. (8 marks) You are working in a CALcuCoLa factory. Your job is to fill a tank with a sugar-water solution. 
The sugar concentration of CALCUCOLA is supposed to be a healthy 100g/L. 


The tank has a capacity of 8,500 litres. Currently, there are 7,000 litres of pure water in the tank. 


You are now adding concentrated sugar-water (300g/L) through a pipe at a rate of 100L/min. At the same 
time, you are draining the tank at a rate of 50L/min. Assume instantaneous mixing inside the tank. 


Will you reach the correct sugar concentration before the tank is full? Explain. 


Conclusion (pick): O YES, we will reach the correct sugar concentration before the tank is full. 


O NO, we won’t reach the correct sugar concentration before the tank is full. 
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5. For both parts of this question, consider the ODE y’ = f(y). The plot is given on the right. 


(a) (3 marks) Consider the ODE y’ = f(y) fly) 
where f(y) is the function plotted on the right. 


If y(t) is a solution of this ODE such that 
y(0) = 2.8, determine jim y(t). 


Write the limit in the box. 


Now explain your choice. 


(b) (5 marks) Consider again the ODE y’ = f(y), using the same plot as above. If y(t) is a solution to 
this ODE with y(3) = 0.5, is y concave up or concave down at the point (3, 0.5)? Explain. 


Conclusion (pick): O y is concave UP at (3, 0.5) O y is concave DOWN at (3, 0.5) 
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MAT187 Calculus II — Winter 2021 


Test 4 — Mar 17, 2021 


Time alotted: 60-120 minutes (this is a recommendation) 


Your full name: 


Your student number: 


Your email address: @mail.utoronto.ca 


Your signature: 


INTEGRITY STATEMENT ON NEXT PAGE! 


Do not forget to fill it in. 


SUBMISSION DEADLINE IS MAR 17, 23:99 


Do not cut it close. Any lateness will affect your Grace Budget or might lead to a lateness penalty. 


READ THE OK LIST! 


Note that the OK list for tests differs from the team assignment OK list. 


TEST COMMUNICATION BAN UNTIL 01:20 AM 
Due to the Grace Policy students could submit the test for credit until 01:20 AM on Mar 18. Until then, do not 
talk to anyone (student or not) about this test or share with anyone (student or not) any of the test content. It 
does NOT matter if you have already submitted. 


Question Q1 Q2 Q3 Q4 Q5 Q6 Q7 Q8 Total 
Points 2 4 2 6 2 8 2 6 32 


Good luck! You can do this! 


If you don’t complete and sign this page, you will receive a grade of zero for the entire test. 


We at U of T want you to feel proud of what you accomplish as a student. Please respect all of the hard work you’re doing 
this term by making sure that the work you do is your own. 


We don’t expect you to score perfectly on the assessments and there will be some things that you may not know. Using an 
unauthorized resource or asking someone outside your team for the answer robs you of the chance later to feel proud of 
how well you did because you'll know that it wasn’t really your work that got you there. 


Success in university isn’t about getting a certain mark, it’s about becoming the very best person you can by enriching 
yourself with knowledge, strengthening yourself with skills, and building a healthy self-esteem based on how much you’ve 
grown and achieved. No one assessment captures that but your conscience will stay with you forever. 


Make yourself and your loved ones proud of the student that you are by conducting yourself honestly at all 
times. In your team, hold each other accountable to these standards. 


In submitting this assessment ... Short sentences 
... | confirm that my conduct regarding this test adheres to the | know the Code. 
Code of Behaviour on Academic Matters 

. | confirm that | have not acted in such a way that would constitute cheating, mis- | didn’t cheat. 


representation, or unfairness, including but not limited to, using unauthorized aids and 
assistance, impersonating another person, and committing plagiarism. 


... | confirm that the work | am submitting in my name is the work of no one but myself. This is only my work. 
... | confirm that all pages have been handwritten by myself. | wrote all pages. 

... | confirm that | have not received help from others, whether directly or indirectly. | didn’t receive help. 
... | confirm that | have not provided help to others, whether directly or indirectly. | didn’t provide help. 
... | confirm that I have only used the aids marked as “OK” on the list. | only used “OK” aids. 
... Lam aware that not disclosing another student’s misconduct despite my knowledge is I know | must report 
an academic offence. cheating. 


In this box, handwrite the sequence of short sentences (starting with “I know the Code. | didn’t cheat...”). 


Your student number Your signature 
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For all questions, except for question 1 and question 5, having the correct result alone will not be worth any points. 


Only use a calculator for basic arithmetic (addition, subtraction, multiplication, division) if necessary. 


But remember that we are expecting answers that are as precise as possible. 


1. (2 marks) Consider the Taylor Polynomials of sin x, centred at x = 0. What is 
the minimal number of derivatives n you have to consider so that p,(0.4) approx- 
imates sin(0.4) with an error of less than 107°? 


Points will only be awarded if you give the minimal n necessary. 
No justification necessary, only the number in the box will be marked. 


2. (4 marks) Assume you know that f(x) is differentiable (as many times as you want) and 


(i) f(x) has a local maximum at x = -3. 
(ii) f(x) has a local minimum at x = 3. 
(iii) f(-3) > 0 and f(3) < 0. 
(iv) f’(1) = 0 (and this is the only point x where f’’(x) = 0) 


Consider the 2nd Taylor polynomial p2(x) of f(x) centred at x = -3. Find lim p(x). 
Make sure to identify which of the provided information you did use. 


Points will be awarded for the explanation, not for the limit alone. 


In this box, write an exact number, or +00, or —0c0, or “DNE” for “does not exist”. 


3. (2 marks) Yael and Raj are trying to find a particular solution to y” - 2y’ - 3y = 5e% + 3e% 
Raj suggests to try the guess yp = Ae” + Be”. 
Yael says “I don’t even need to plug that guess in and solve for A and B. | know that it won’t work.” 


How was Yael able to tell without solving for A and B? Explain. 
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4. For each of the following questions, explain your choice using words, not just formulas. 
You will not receive points for the right choice alone. 


y y y y y 
(P) p (Q) [e (R) — (S) = (T) = 
t t t t t 


(a) (2 marks) Which graph(s) can describe a free oscillator involving a mass of 2 kg, a spring constant 
of 24 N/m and a damping coefficient of 14 Ns/m? 


Graph(s): 


(b) (2 marks) Which graph(s) can describe a forced damped oscillator with constant external force? 


Graph(s): 


(c) (2 marks) For what value of p is (S) a plot of a solution to y” + 3y = cos(pt)? 


5. (2 marks) On the right is the plot of the solution to the IVP 
y” + a’y = cos Bt y(0) = 0, y'(0) = 0, a # B 


Find the two values a and £$. No justification necessary. 
Only the numbers in the boxes will be marked. 


One of the two values will be smaller than the other one, make sure to fill the boxes 
accordingly. It doesn’t matter which one is a and which one is P, simply write the 


smaller value on the left and the larger value on the right. 


smaller value: larger value: 
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6. Consider this initial value problem: 


sin’(ze"!) O<t<1 
y” + dy’ + 5y = | m4 y0)=3 y(0)=-1 
0 t2=1 


(a) (1 mark) You can’t solve this IVP with methods from this class. What is the main reason? Explain. 


(b) (3 marks) What kind of oscillator is described by this IVP? Explain with applied vocabulary. 


(c) (4 marks) If y(t) is the solution to this IVP, what is Jim y(t)? Justify with a detailed explanation. 


Points will given for the justification, not for the correct answer alone. 


As always: Solutions that involve any external tools in the argument 


(Desmos, Symbolab, WolframAlpha, graphing tools...) will not receive points. 


Jim y(t) = 


In this box, write an exact number, or +00, or —o0, or “DNE” for “does not exist”. 
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7. (2 marks) Why does the term n! appear in the formula for a Taylor polynomial? 
Explain in words, NOT WITH FORMULAS. 


8. (6 marks) A weather station in Toronto is measuring the temperature g(t) at the g(1) | g’(1) | g”) 


foot of the CN Tower. g(t) is given in degrees Celsius, t is given in days. 3 | 10 | =1 


Measurements taken at t = 1 gave the values on the right. Also, long-term measurements of the tempera- 
ture fluctuations at the CN Tower gave the result that -6 < g’’’(t) < 2 is always the case. 


Given the available data, until what time t = 1 can you guarantee that the temperature stays above the 


freezing point (which we assume to be 0 degrees Celsius)? 


We can guarantee this until t = 
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MAT187 Calculus Il — Winter 2021 


Test 5 — Mar 31, 2021 


Time alotted: 60-120 minutes (this is a recommendation) 


Your full name: 


Your student number: 


Your email address: @mail.utoronto.ca 


Your signature: 


INTEGRITY STATEMENT ON NEXT PAGE! 


Do not forget to fill it in. 


SUBMISSION DEADLINE IS MAR 31, 23:59 


Do not cut it close. Any lateness will affect your Grace Budget or might lead to a lateness penalty. 


READ THE OK LIST! 


Note that the OK list for tests differs from the team assignment OK list. 


TEST COMMUNICATION BAN UNTIL 01:20 AM 
Due to the Grace Policy students could submit the test for credit until 01:20 AM on Apr 1. Until then, do not 
talk to anyone (student or not) about this test or share with anyone (student or not) any of the test content. It 
does NOT matter if you have already submitted. 


Question Q1 Q2 Q3 Q4 Q5 Q6 Q7 Q8 Total 
Points 2 2 4 4 2 8 4 3 29 


Good luck! You can do this! 


If you don’t complete and sign this page, you will receive a grade of zero for the entire test. 


We at U of T want you to feel proud of what you accomplish as a student. Please respect all of the hard work you’re doing 
this term by making sure that the work you do is your own. 


We don’t expect you to score perfectly on the assessments and there will be some things that you may not know. Using an 
unauthorized resource or asking someone outside your team for the answer robs you of the chance later to feel proud of 
how well you did because you'll know that it wasn’t really your work that got you there. 


Success in university isn’t about getting a certain mark, it’s about becoming the very best person you can by enriching 
yourself with knowledge, strengthening yourself with skills, and building a healthy self-esteem based on how much you’ve 
grown and achieved. No one assessment captures that but your conscience will stay with you forever. 


Make yourself and your loved ones proud of the student that you are by conducting yourself honestly at all 
times. In your team, hold each other accountable to these standards. 


In submitting this assessment ... Short sentences 
... | confirm that my conduct regarding this test adheres to the | know the Code. 
Code of Behaviour on Academic Matters 

. | confirm that | have not acted in such a way that would constitute cheating, mis- | didn’t cheat. 


representation, or unfairness, including but not limited to, using unauthorized aids and 
assistance, impersonating another person, and committing plagiarism. 


... | confirm that the work | am submitting in my name is the work of no one but myself. This is only my work. 
... | confirm that all pages have been handwritten by myself. | wrote all pages. 

... | confirm that | have not received help from others, whether directly or indirectly. | didn’t receive help. 
... | confirm that | have not provided help to others, whether directly or indirectly. | didn’t provide help. 
... | confirm that I have only used the aids marked as “OK” on the list. | only used “OK” aids. 
... Lam aware that not disclosing another student’s misconduct despite my knowledge is I know | must report 
an academic offence. cheating. 


In this box, handwrite the sequence of short sentences (starting with “I know the Code. | didn’t cheat...”). 


Your student number Your signature 
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For all questions, except for questions 1, 2, and 8, having the correct result alone will not be worth any points. 


Only use a calculator for basic arithmetic (addition, subtraction, multiplication, division) if necessary. 


But remember that we are expecting exact answers whenever possible. 


n 


n!x 
n 


1. (2 marks) Find the radius of convergence of the series >, 
n 
n=1 


Give the exact value of R, not an approximation. R= 
No justification necessary, only the number in the box will be marked. 


2. (2 marks) Consider the smooth parametric curve x(t), y(t) 
plotted on the right. Find all points (x, y) at which x’(t) = 0 
and x” (t) > 0 is possible at the same time. 


How many such points are there? 


x 
There are | | such points. 


Write an integer in the box. No justification necessary. 


=Z 1)3” 
3. (4 marks) Find the value of this series: > EDS 


! 
n=1 i 


Justify your result. Provide the exact answer. 
All points will be awarded for steps, not for the final answer. 


F (n+1)3” | 
| n! E 


MAT187 — Winter 2021 - Test 5 page 3 of 6 


4. (4 marks) Find the following limit without using ’H6épital’s Rule. 
You will receive zero points if your solution involves |’H6pital’s Rule in any way. 


: 1 2 3\ 1 
lim | ———~ - 1 - 2x - 4x* + 3x° |] — 
x0 (1 - x)? 3x2 


The limit is | | 


In this box, write an exact number, or +00, or —0c0, or “DNE” for “does not exist”. 
5. (2 marks) Your fellow MAT187 student makes this argument: 


We know that the Taylor Series of sin x centred at zero converges for any x: 


xen 


sin(x) = Yt 1)? —— n+ Di 


a ET) and therefore 


We also know that £ cos(x) = - sin(x) and we know that power series can be integrated term-by-term. 
So if we integrate the Taylor Series for - sin(x) from above we get: 


yent g2nt2 


cos(0) = -5c 1)" ——— cos(0) = 0 


cos(x) = Ds 1" 


(2n + 2)! (2n + 2)! 7 


Explain to your fellow student what their mistake is. Use words, NOT FORMULAS. 
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6. (8 marks) Consider a fixed circular wall (green) of radius 4 and a wheel (orange) of radius 1, positioned 
inside the wall as depicted. There is a reflector (magenta) attached to one spoke of the wheel, exactly 
halfway between the hub of the wheel and the rim of the wheel. 


The wheel rolls in the direction indicated along the inside of the wall. The wheel starts in the position 
shown at t = 0. Its constant speed is chosen such that the wheel returns to this position at t = 1. 


Find parametric equations x(t), y(t) describing the path of the reflector. 


As always, make sure to explain and justify your choices. 
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7. For each of the following questions, explain your choice using words, not just formulas. 
You will not receive points for the right choice alone. 


(P) (Q) (R) 


(S) (T) 


bay 
bay 


(a) (2 marks) Which of these polar curves exhibit the symmetry f(0 + an) = f(0)? 


(b) (2 marks) Which of these plots depict r = cos(n@) for some integer 1 < n < 10? 


8. (3 marks) Below you can find the plot of r = f(@), both in the -r and in the x-y coordinate system. 


For (i), (ii) and (iii) provide the letter for ALL corresponding points in the 0-r graph. 
Note that there may be more than one letter for each point. 
No justification necessary, only the letters in the boxes will be marked. 
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